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GENERAL INTRODUCTION 
Background 
The resemblance between relatives is one of the 
basic genetic phenomena displayed by metric 
characters •••• The degree of resemblance provides 
the means of estimating the amount of additive 
variance (i.e. the heritability) that chiefly 
determines the best breeding method to be used for 
improvement. --Falconer, 1976 
The phenomenon of resemblance between relatives is the 
basis of selection that is used to change quantitative 
characters of economic worth in domestic animal breeding 
programs. Examples of these are national sire evaluation 
programs in which progeny performance records are used to 
predict the breeding values for their respective sires. 
Breeding value of a bull, as predicted from progeny 
performance, is two times the mean deviation of his progeny 
from the population mean. The devi~tion has to be doubled 
because the bull provides only half of the genes in the 
progeny with the rest of the genes coming at random from · the 
population (Falconer, 1976). 
Current evaluation of sires uses a mixed model solution 
method that was first publicized by c. R. Henderson in 1950 
(Henderson, 1950). Since that time, Henderson and others 
have continued to refine and build upon the mixed model 
approach to sire evaluation. Their emphasis has been upon 
expansion of the method to account for different sire 
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evaluation situations. properties of solutions. and ways to 
enhance prediction accuracy. 
The breeding value of a bull is predicted using mixed 
model methods from a sample of his genes as phenotypically 
expressed through progeny perfor•ance records. Both the 
phenotypic values that include environmental influences and 
sampling errors result in other than perfect prediction. 
The ability of mixed model solutions to account for and 
remove these errors from progeny records is denoted by 
accuracy of prediction. 
Henderson. in 1973, stated that some increase in 
accuracy of prediction could be achieved by taking into 
account the ancestral relationships among bulls in a mixed 
model evaluation. This further extended the use of relative 
resemblance in improving the selection decision making 
process of animal breeder~. The relationships Henderson vas 
referring to were those of sires, dams, and grandparents of 
bulls being evaluated. 
Inclusion of ancestors in mixed model sire evaluation 
is accomplished by adding a relationship variance-covariance 
matrix to the sire submatrix of the mixed model equations. 
This matrix is the inverse of the numerator elements from 
Wright's (1922) coefficient of relationship formula. 
However. computing this inverse for sire evaluation 
programs, where hundreds (or thousands) of bulls are 
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compared with currently developed computer inversion 
algorithms. is impractical. Time involved in coMputing this 
inverse is approximately equal to the cube of the order of 
the matrix (Henderson. 1976). 
The use of ancestral or pedigree relationship matrices 
became a workable reality when Henderson (1975b) and Quass 
(1976) developed techniques for directly computing the 
individual elements of the inverse. Henderson inverted a 
matrix of order 3,000 using sire and aaternal grandsire 
relationships with an individual in less than three minutes 
using these techniques (Henderson. 1975c). 
The first reported use of the relationship matrix in 
mixed model comparative sire evaluation was in 1975. 
Various sire grouping procedures accompanied by the 
relationship matrix were tried on the same first lactation 
records of Holsteins when sires were used artificially 
(Everett et al •• 1975). Mixed model procedures for sire 
evaluation (Holstein) were used to evaluate 52 sires by the 
method of grouping bulls according to year of entry into 
service and by accounting for relationships among sires 
(Kennedy and Moxley. 1975). Both studies reported the 
effectiveness of relationships in improving prediction 
accuracy for sires with few progeny records. Relationships 
were also shown. in general. to be preferable to sire 
grouping. The relationship matrix is now used on a routine 
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basis in dairy mixed model sire evaluations being conducted 
at Cornell University, New York. 
According to Slanger and Lewis (1982), the American 
Shorthorn Association is currently the only beef breed 
association using a relationship matrix in mixed model sire 
evaluation. The relationship matrix they use ties all the 
Shorthorn bulls together across all years (currently 7) of 
their national sire testing program. 
Henderson (1975a) cited at least two advantages in 
using ancestral relationships in the mixed model sire 
evaluation equations. One advantage is an increase in 
prediction accuracy, particularly for sires with few or no 
progeny. Use of relationships also helps to reduce the 
number of groups r~quired to account for genetic trend and 
genetic differences among populations of sires. 
Use of ancestral relationships also appears to offer a 
way of including more bulls in sire evaluation summaries. 
Bulls whose progeny constitute all the progeny in a 
contemporary group have no other bull with which to be 
fairly compared. Therefore, they cannot be included in the 
sire evaluation. There are also many cases where a few 
bulls have progeny in common with each other, but there is 
no bull that ties them in with the population of sires as a 
whole. Predictors can be obtained for the breeding value of 
these bulls, but they cannot be fairly compared with the 
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majority of the sires in the evaluation. Therefore, they 
cannot be included in the sire summaries. In a recent major 
national sire evaluation, 89 percent of the bulls were tied 
together. The remaining 11 percent fell into one of the two 
categories just mentioned. This amounted to approximately 
700 bulls that were not included in the sire summary. The 
use of relationships offers a way of tying these bulls with 
the majority of the bulls so that they can be fairly 
evaluated and included in the summaries. 
At least two disadvantages accompany the advantages of 
including a relationship matrix in mixed model sire 
equations. Incorporating a relationship matrix into the 
mixed model equations destroys the speed at which 
convergence of solutions occurs. This is because many of 
the zero elements in the equations are replaced with sire 
covariance terms (Henderson and Schaeffer, 1975, Abstract). 
Additionally, if an animal is included in the relationship 
matrix that does not already have records in the evaluation 
being analyzed, an additional equation for this animal must 
be added to the model. This means more equations to be 
solved by iteration which will increase computation time. 
Beef breed associations characteristically build upon 
the notion of the ancestral pedigree as a requirement to 
register animals. Therefore, access to ancestral pedigrees 
does not present a problem to the evaluator. The problems 
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are in deciding on which ancestors are of value in the 
practical improvemeht to sire evaluations and determining 
the criterion associated with their use. 
Statement of Purpose 
The purposes of the thesis are to investigate how a 
relationship matrix can influence results obtained in mixed 
model beef sire evaluation and to determine which 
relationships can be beneficial in improving prediction 
accuracy. The thesis is divided into three parts: 
1. Inverse of numerator relationship matrices 
2. Hypothetical sire evaluation model. and 
3. Covariance ties between bulls. 
Part One investigates the inverse of numerator 
relationship matrices. This part identifies changes that 
occur in the inverse as different types of relationships are 
considered. Relationships that improve prediction accuracy 
of beef sire evaluation are identified. Part One is also 
concerned with how relationships improve prediction accuracy 
and breeding value predictors. 
The purpose of Part Two is to use the relationship 
types identified in Part One in a hypothetical sire 
evaluation model. The study investigates the effectiveness 
of three relationships in reducing prediction error 
variance. 
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Part Three investigates the relative strength of 
covariance ties between bulls in a mixed model sire 
evaluation when using three different ways of tying the 
bulls together. The three types of ties include: reference 
sire ties, direct and indirect contemporary group ties, and 
relationship ties. 
B 
REVIEW OF LITERATURE 
Reports that address the use of ancestral relationship 
matrices in beef sire evaluations are virtually nonexistent. 
Researchers working in dairy breeding have done most of the 
research concerned with relationship inclusion in sire 
evaluations. ~uch of the dairy research centers around 
improvement in the accuracy of prediction and relationships 
versus different grouping schemes to account for genetic 
trend effects. 
Prediction Accuracy 
Prediction accuracy denotes how well breeding value 
predictors predict the true genetic value of an animal that 
is unknown. Prediction accuracy can be quantified in 
different forms, but for the purposes of this thesis. 
prediction accuracy is defined as the square root of 
prediction error variance. Prediction error variance is the 
variance of the predictor minus the predictand (or true 
genetic value). As prediction error variance decreases. an 
improvement in accuracy is indicated. When prediction 
accuracy is reported with a predictor, it will normally 
follow the predictor and be expressed as + and - so many 
units, where the units depend upon the trait being 
considered. The smaller the range is on the + and - value, 
the better is the accuracy of prediction. 
9 
Using relationships in mixed model sire evaluation can 
improve the prediction accuracy. This is especially true 
for sires with few progeny records. Progeny performance 
records from relatives compensate for the lack of progeny 
records for these sires with few progeny. However, the 
further removed the ancestor is in the relationship, the 
benefit to be derived decreases. This is because an 
offspring only receives at aost a sample half of his genes 
from a single parent. The parent in turn only received at 
most a sample half of its genes from either of its parents. 
Therefore, the probability that the offspring received any 
genes from a particular grandparent is one-half times one-
half or one-fourth. The probability that the offspring 
received any genes from a great-grandparent is one-half 
multiplied together three times, etc. 
Kress et al. (1977) used three different methods of 
evaluating beef sires (none of which included relationships) 
from progeny performance records. The progeny were all from 
artificial insemination. The researchers reported that 
large numbers of progeny are required to evaluate sires 
accurately. For their data set, the critical number of 
progeny per sire was 100-300 to reduce the standard error 
(or prediction accuarcy) of expected progeny difference for 
weaning weight to what they considered an acceptable range 
of 2.0-1.5 pounds. 
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The best linear unbiased predictions will not result if 
existing relationships are not considered. Henderson 
(1975d) showed the consequences of using an incorrect sire 
variance-covariance matrix (G) in solving for the best 
linear unbiased predictions. Prediction error variance is 
larger in cases where a simplified G matrix is used. Two 
reasons for using a simplified G matrix include cases when 
the true value is unknown or when siaplifying computations. 
Tong et al. (1980), using simulated semi-isolated dairy 
populations. demonstrated that ignoring genetic 
relationships among sires increases error variance of 
prediction of sire proofs by 8.7 to 11.9 percent depending 
upon the aaount of semen exchange. Siaulation of the sire 
relationship matrix was based on a representative sample of 
bull pedigrees with information for sire and aaternal 
grandsire. 
Properly defined groups can eliminate selection bias. 
However. Henderson (1975a) demonstrates that use of 
relationships (ignoring groups) eliminates selection bias 
with a smaller error variance than when using groups. 
Kennedy and Moxley (1975) show that error variances of 
prediction of sire proofs by groups averaged 18 and 11 
percent larger than error variances of prediction when using 
relationships for yield and composition traits. 
respectively. Their first mixed model procedure groups 52 
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Holstein sires according to time of entry into service. The 
alternative model accounts for relationships between the 
sires. According to Kennedy and Moxley. accounting for 
relationships is particularily effective in reducing error 
variances of prediction for sires with .few daughters. 
Slanger and Levis (1982). after studying seven years of 
American Shorthorn Association National Sire Evaluation 
data. stated that ranking of sires is not much different 
when using relationships versus when relationships are 
ignored. However. ranking of individual bulls can be 
greatly affected when relationships are included in the 
evaluation. They stated that this has tremendous 
implications to owners of bulls. They also stated that 
there is a need to know to what extent genetic relationships 
can be used in place of reference sires to compare sires 
indirectly. 
Ancestors to Use 
Wright (1922). using a path coefficient approach. 
developed what is known as the "coefficient of relationship" 
between relatives. This coefficient of relationship is the 
correlation of gene values between two individuals. Using 
the numerators of correlations for any group of n 
individuals. a variance-covariance matrix of order n can be 
constructed that ties these individuals together. Because 
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intervening relatives are statistically accounted for, this 
variance-covariance matrix can be as inclusive as desired in 
terms of types of relationships and number of generations. 
The question one would like answered is, "Which 
relationships and how many generations are useful in 
improving breeding value prediction and, at the same time, 
be practically employed in mixed model sire evaluation?" 
Addition of a relationship matrix in mixed model sire 
evaluation does not come without penalty. Adding 
relationships can mean adding an enormous amount of 
additional equations that must be solved. The additional 
relationships destroy a large number of zero elements in the 
sire equations that in turn increase the amount of time for 
iterative solutions to converge. Therefore, the designer of 
the evaluation model will usually want to include only 
relatives that can economically and practically improve 
breeding value prediction. 
According to Henderson (1975c), the most important 
identifiable relationships among sires used in artificial 
insemination come from common sires and maternal grandsires. 
The maternal grandsire provides some of the information that 
would otherwise be supplied by the dam. Including dams in 
the relationship matrix would require the addition of 
another equation for each dam added. Henderson stated that 
female ancestors can be eliminated from the relationship if 
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the following conditions are true: 
1. The population is noninbred. 
2. The only relationships considered are those due 
to the sire and maternal grandsire of all males 
with tested progeny. 
3. All dams of progeny tested sons have only one 
such son. 
4. Records on dams are not utilized. 
Everett et al. (1979) compared two dairy sire 
evaluations. one evaluation included maternal grandsires, 
and the other evaluation excludes them. When including 
maternal grandsires, the equations after absorption 
contained 43 percent (Guernseys) and 95 percent (Holsteins) 
more ties between bulls. The prediction error variance 
decreased due to an increase in the number of effective 
daugthers. However, computing time increased 25 percent 
when using the additional relationships. 
"easuring Value of Relationships 
A ~easure of influence is required to determine how 
much benefit can be derived from including relationships in 
a sire evaluation. Herdmate sire evaluations (dairy) have 
been published with a figure called "repeatability". 
Repeatability is the square of an approximation derived from 
selection index procedures of the correlation of the index 
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with the true value it predicts. If the assumptions for the 
selection index are true, the correlation has a one-to-one 
correspondence with prediction error variance (Dickinson et 
al., 1974). In mixed model prediction, predictands may be 
sums of fixed and random effects. The correlation is not 
appropriate to indicate prediction accuracy as in the case 
of selection indexes where all effects are random or fixed 
effects are known without error. In this case, prediction 
error variance is.a more inforaative indicator of prediction 
accuracy or reliability of sire evaluation (Henderson, 
1973). Therefore, prediction error variance will be used as 
a measure of the influence of relationships in beef sire 
evaluation. 
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PART I. INVERSE OF NUMERATOR RELATIONSHIP MATRICES 
Introduction 
A major benefit to be gained from incorporating 
relationship matrices in mixed model sire evaluation is the 
reduced prediction error variance or improvement in accuracy 
of prediction. Several factors affect the magnitude of 
prediction error variance (for example, heritability, number 
of performance records, and relationship ties). This part 
of the thesis examines how of one factor, relationship ties, 
affects the magnitude of prediction error variance. More 
specifically, this part of the thesis investigates the sire 
variance-covariance matrix, or the numerator relationship 
matrix (A), and its associated inverse. 
The first part of the section investigates the changing 
nature of the inverse as individuals are deleted from the 
relationship matrix. This part defines a four generation 
reference pedigree and obtains the inverse (A-1) for its 
associated numerator relationship matrix. Abbreviations are 
then made to the basic pedigree by assuming that various 
individuals in the pedigree are unknown. The resulting A-ts 
are then compared with the reference A-1 to determine what 
differences occur. 
Relationships can affect both accuracy of prediction as 
well as the values obtained for predictors in a mixed model 
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analysis. The second part of this section discusses how the 
relationship matrix can influence accuracy of prediction and 
values of predictors. 
All directly related ancestors add knowledge, at least 
from a statistical standpoint, to each other in a sire 
evaluation relationship matrix. The closely related 
ancestors add more than do those that are more distant 
especially when intervening relatives are present, for 
example a son/parent/grandparent versus a 
grandson/grandparent relationship. The problem that remains 
is determining how many generations should be included, with 
and without intervening relationships. Lush (1937) pointed 
out that beyond fifth and sixth generations little knowledge 
is added. In sire evaluation, however, it may well be that 
little knowledge can be gained beyond the third and fourth 
generations. 
Therefore, the third and concluding part of this 
section investigates the question of which ancestors to 
include in a sire evaluation relationship matrix. The study 
uses prediction error variance as a measure of the value of 
including different ancestors in sire evaluation. A percent 
reduction in prediction error variance is calculated for 
each different relationship model versus the case of no 
relationships at all. These percent reductions are then 
compared on a relative basis to ascertain the value of 
17 
adding additional relatives to the relationship matrix. 
Materials and Methods 
Wright's (1922) 
coefficient of relationship provides the necessary elements 
to develop the variance-covariance matrix which can tie 
relatives in a mixed model sire evaluation together. This 
variance-covariance •atrix, defined as the numerator 
relationship matrix, has diagonal elements, a(ii), of one 
plus the coefficient of inbreeding for the animal 
represented by that row and column. The off-diagonal 
elements, a(ij). are the numerators of Wright's coefficient 
of relationship for the animals represented in that row and 
column. 
Coefficient of Inbreeding, Wright (1922): 
F(i) = a(ii) - 1 (1) 
Coefficient of Relationship, Wright (1922): 
a (i j) 
R (i j) = 
[a(ii) x a(jj) )0 
(2) 
An example demonstEates the technique of computing the 
elements of the numerator relationship matrix for a given 
pedigree. This example uses a technique as outline by 
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Henderson (1976) for methodically setting up the matrix. 
figure 1 gives the three generation pedigree that will be 
used for this example. 
D 
E 
A 
F 
G 
FIGURE 1. Sample Three Generation Pedigree 
Let a(ij) be the entry in the i-th row and the j-th 
column of the numerator relationship matrix given in Table 1 
for this sample pedigree. If the base population is 
included, or if the parents of animals are unknown, the off-
diagonal cells are zero and diagonal cells are 1.0. unless 
known values are supplied. Starting with the a(ij) element, 
the entries are computed as follows: 
1. a(ii) = 1 + 1/2 a(i'j'), where i' and j' are the 
parents of i or a(ii) = 1 + 1/2 (the element at 
the intersection of the row and column for the 
parents of the animal in question) • 
• 
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2. a(ij) = 1/2 (a(ij') + a(ij")]. where j' is one 
parent of j and j'' is the other parent of j. or 
a(ij) = 1/2 (the sum of the two elements in the 
i-th row for the two parents of j). 
TABLE 1. Relationship matrix for three generation pedigree 
------------------------------------------------------------
Parents F-G D-E B-C 
Animals in the 
Pedigree G F E D c B A 
-----------------------------------------------~------------
G 1.0 0 0 0 .5 0 .25 
F 0 1.0 0 0 .5 0 .25 
E 0 0 1.0 0 0 .5 .25 
D 0 0 0 1.0 0 .5 .25 
c .5 .5 0 0 1.0 0 .5 
B 0 0 .5 .5 0 1 .o .5 
A .25 .25 .25 .25 .5 .5 1.0 
Given that all animals A through G are included in a 
mixed model to predict breeding values. the inverse of the 
matrix given in Table 1 would be added into that submatrix 
of the mixed model coefficient matrix that corresponds to 
the equations for the individuals. It is not necessary that 
all the animals in a pedigree be known. or even if they are 
known. to be included in the development of a numerator 
relationship matrix. This is not to say that accuracy of 
prediction will not be reduced. but rather that it is 
mathematically possible to ignore various relationships as 
deemed necessary or appropriate. 
20 
The pedigree 
given in Figure 2 is used as a reference to compare 
alternative pedigrees and their effect on the inverse 
elements of the numerator relationship matrix. The 
numerator relationship matrix and associated inverse for the 
reference pedigree are given in Table 2 and by equation (3), 
respectively. Abbreviations of the relationships in the 
third and fourth generations are defined as follows: 
paternal grandsire - PGS 
paternal granddam - PGD 
maternal grandsire - MGS 
maternal granddam - MGD 
paternal-paternal grandsire - PPGS 
paternal-paternal granddam - PPGD 
maternal-paternal grandsire - MPGS 
maternal-paternal granddam - MPGD 
paternal-maternal grandsire - PMGS 
paternal-maternal granddam - PMGD 
maternal-maternal grandsire - MMGS 
maternal-maternal granddam - MMGD 
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{ PPGS (15) 
PGS (7) 
PPGD (14) 
Sire (3) 
{ MPGS (13) 
PGD (6) 
t1PGD (12) 
Bull (1) 
{ PM;S (11) 
M;S (5) 
PM;D (10) 
Dam (2) 
{ m:;s (9) 
:M:;]) ( 4) 
MM;D (8) 
FIGURE 2. four generation reference pedigree 
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TABLE 2. Numerator relationship for four generation 
pedigree 
------------------------------------------------------------------------------------------------------------------------
Parents , 5-14 
Animals in 
Ped. 15 14 13 12 11 10 9 8 7 
------------------------------------------------------------
15 1.01 0 0 0 0 0 0 0 .5 
14 0 1.0 0 0 0 0 0 0 .5 
13 0 0 , .o 0 0 0 0 0 0 
12 0 0 0 1.0 0 0 0 0 0 
11 0 0 0 0 1.0 0 0 0 0 
10 0 0 0 0 0 1 • 0 0 0 0 
9 0 0 0 0 0 0 1.0 0 0 
8 0 0 0 0 0 0 0 1.;0 0 
7 .5 .5 0 0 0 0 0 0 1 .o 
6 0 0 .5 .5 0 0 0 0 0 
5 0 0 0 0 .5 .5 0 0 0 
4 0 0 0 0 0 0 .5 .5 0 
3 .25 .25 .25 .25 0 0 0 0 .s 
2 0 0 0 0 .25 .25 .25 .25 0 
1 .125 .125 .125 .12 5 .125 .125 .125 .125 .25 
------------------------------------------------~-----------
lThis relationship matrix -assumes no inbreeding. 
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TABLE 2. (Continued) 
------------------------------------------------------------------------------------------------------------------------
Parents 13-12 11-10 9-8 7-6 5-4 3-2 
Animals in 
Pedigree 6 5 4 3 2 1 
------------------------------------------------------------
15 0 0 0 • 25 0 .125 
14 0 0 0 .25 0 .1 25 
13 .5 0 0 .25 0 .1 25 
12 .5 0 0 .25 0 .125 
11 0 .5 0 0 .25 .125 
10 0 .5 0 0 .25 .125 
9 0 0 .5 0 .25 .125 
8 0 0 .5 0 .25 .125 
1 0 0 0 .5 0 .25 
6 1 • 0 0 0 .5 0 .25 
5 0 1.0 0 0 .s .25 
4 0 0 1.0 0 .s .25 
3 .s 0 0 1. 0 0 .s 
2 0 .5 .5 0 1 • 0 .5 
1 .25 .25 .25 .5 .5 1 • 0 
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A-1 = 
1 • 5 .5 0 0 0 0 0 0 -1 0 0 0 0 0 0 
.5 1.5 0 0 0 0 0 0 -1 0 0 0 0 0 0 
0 0 1. 5 • 5 0 0 0 0 0 -1 0 0 0 0 0 
0 0 .5 1 • 5 0 0 0 0 0 -1 0 0 0 0 0 
0 0 0 0 1.5 .5 0 0 0 0 -1 0 0 0 0 
0 0 0 0 .5 1. 5 0 0 0 0 -1 0 0 0 0 
0 0 0 0 0 0 1 • 5 .5 0 0 0 -1 0 0 0 
0 0 0 0 0 0 .5 1.5 0 0 0 -1 0 0 0 
-1 -1 0 0 0 0 0 0 2.5 .5 0 0 -1 0 0 
0 0 -1 -1 0 0 0 0 .5 2.5 0 0 -1 0 0 
0 0 0 0 -1 -1 0 0 0 0 2.5 .5 0 -1 0 
0 0 0 0 0 0 -1 -1 0 0 .5 2.5 0 -1 0 
0 0 0 0 0 0 0 0 -1 -1 0 0 2.5 .5 -1 
0 0 0 0 0 0 0 0 0 0 -1 -1 .5 2.5 -1 
0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 2 
(3) 
!l1~~n~!1Y~ £~~ig£~~§ Starting with the reference 
pedigree shown in Figure 2, alternative or abbreviated 
pedigrees and inverses of the associated numerator 
relationship matrix are developed for comparisons. The 
alternative pedigrees are obtained from the numerator 
relationship matrix for the reference four generation 
pedigree (Table 2) by simply removing rows and columns 
associated with those individuals not in the alternative 
pedigree. The numbers of alternative pedigrees possible 
with four generation pedigree are too numerous for all to be 
presented. Therefore, only a few are given in the Results 
and Discussion section on pages 33-40 to show the patterns 
that appear in the associated inverses. 
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In order to appreciate the 
changing nature of the inverse elements for different 
relationship matrices. it is necessary to see where the 
elements of the inverse enter into the mixed model solution 
process. The purpose of this section is to show what role 
these elements play along with other factors in the solution 
for predictors and the associated accuracy of prediction. 
Consider the following typical sire evaluation mathematical 
model: 
y(ijkl) = h(i) + g(j) + s(jk) + e(ijkl) 
where • 
y (i jkl) 
h (i) 
g (j) 
s (jk) 
e (i jkl) 
= 
= 
= 
= 
= 
an adjusted weaning weight record 
fixed effect common to records made in the 
i-th contemporary 9roup plus the population 
mean 
fixed effect common to records made in the 
j-th genetic group 
random effect associated with the k-th sire 
within the j-th genetic group. NID(O.~) 
random error associated with the weaning 
weight record of the 1-th calf of sire k 
within the j-th genetic group. NID(0,6l) 
(~) 
After absorption of contemporary group effects and the 
population mean, the complete sire evaluation model is 
expressed in matrix notation in equation (5). The 
dependency between the contemporary and genetic group 
equations requires the use of the LaGrange multiplier (LM) 
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equation. 
x•sx X'SZ 1 
[ :. 
X'SY 
z•sx Z'SZ+G-J 0 = Z'SY (5) 
1 0 0 LM 
where, 
5 = I - X (X 'X) - J X 1 , a common term appearing as 
a result of the absorption process 
Since the model contains a fixed effect and a random 
A 
effect, a sires predicted breeding value, s*(jk), is a 
,.. "' linear function of both g(j) and s(jk), or 
" " ...... s* (jk) = g (j) + s (jk) (6) 
where, 
A 
g(j) =estimate for the sire's f i xed group 
effect 
~(jk) = predictor for the sire's random effect. 
"' Accuracy of the predictor, s*(jk). is the square root 
of prediction error variance which is equal to the 
A 
variance[ s* (jk) - s (jk) ]. The term s (jk) is the actual 
breeding value for sire k. The smaller the variance is, the 
better is the prediction accuracy. Henderson (1973) 
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outlined an easy method for obtaining prediction error 
variance from a generalized inverse of the coefficient 
matrix in (5). 
Prediction error variance is defined as: 
A A A 
Var[ s* (jk) - s (jk) ] = Var[ k • g* (j) + m' s* (jk) -
k g (j) - m s (jk) ] 
and in matrix notation as: 
where, 
d_2 .. 
[K':M'] [ell 
c21 
ciZ] 
czz 
[~] 
= column vectors of ones and zeros which 
c = 
describe the fixed and random effects 
a generalized inverse of the coefficient 
matrix of equation (5) 
= variance of random error 
The inverse of the numerator relationship matrix 
(7) 
(8) 
appears as the variance-covariance G-1 matrix in the (Z'SZ + 
G-1) term of equation (5) • Before adding G-1 to Z •sz, the 
diagonal elements represent the number of progeny for each 
respective sire in the evaluation model (plus absorption 
adjustments). The G-1 matrix is defined as: 
(9) 
The G-1 diagonal and off-diagonal elements are a 
function of the inverse of the relationship matrix (A-1) and 
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the heritability (hZ) of the trait being evaluated. The 
influence of each of these factors is illustrated through 
the use of a simpl~fied one-way random sire model. 
Relationships not only 
have a direct influence upon prediction accuracy, they can 
also have an impact upon the predicted breeding value for a 
bull. A model is developed that demonstrates the influence 
of relationships on prediction accuracy and the predicted 
breeding value. Consider the following one-way random model 
where fixed effects are ignored: 
(Z'Z + G-1] (s] = (Z'Y] (1 0) 
Assume that the model is to be used for predicting the 
breeding value for three bulls, all of which have progeny 
performance records. The model can be written as follows: 
where, 
n (i) 
a (i j) 
k 
s (i) 
Y.i 
~a (11) a (21) a (31) a(12) a(13)~ J [s(1)~ a(22) a(23) · k s(2) a (32) a (33) s (3) 
= number of progeny for the i-th bull 
= 
[
y -1~ Y.2 
Y.3 
= elements of the numerator relationship 
matrix inverse 
= fi..Z/dl 
= predictor of the i-th bull's breeding value 
=sum of n(i) performance records for the 
i-th bull 
(11) 
Letting the left handside coefficient matrix be defined 
as the matrix c, solutions for the predictors can be 
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obtained from the following equation: 
or. 
where. 
[s] = c-1 [Z'Y] 
r: g~] = 
L s (3) [
c (11) c ( 1 2) 
c(21) c(22) 
c(31) c(32) 
c(ii) = n (i) + a(ii) k 
c(ij) = a(ij) k 
c(13)] -s 
c (23) 
c (33) 
(12) 
[ 
y. (1 >] 
y. (2) 
y. (3) 
(1 3) 
It is assumed that bull 2 is a son of bull 1 and that 
bull 3 is not related to either individual to illustrate the 
influence of the relationships on the predictors. This 
results in c(13). c(31). c(32). and c(23) all being equal to 
zero. Using the following relationship: 
c-J 
it can be shown that. 
1 
1 
= ------- Adjoint c 
Det C 
(14) 
1 
s(2) = ------------------- Y.2 + ------------------- Y.1 
c(12) c(21) c (1,) c (22) 
c(22) - ----------- c(12) - -----------
c (11) c (21) 
(15) 
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1 
s (3) = Y.3 (16) 
c (33) 
1 
V ar [ s ( 2) - s ( 2) ] = (17) 
c (12) c (21) 
c (22) -
c (11) 
1 
Var[s(3) - s(3)] = (18) 
c (33) 
The significance of the c(ij) terms in the above 
equations can be seen by parametrically varying the separate 
factors of which they are co•posed. That is, while holding 
one variable constant. such as progeny numbers for one bull. 
another variable is allowed to take on different values. 
These parametrics are presented in the Results and 
Discussion section on pages 52-55. 
The analysis of this section is comparative in nature. 
Comparisons are made between different re l ationship matrices 
using prediction error variance of a bull's predictor as the 
criterion measure. The bull is tied by alternative 
relationships to other individuals that also have progeny 
records in the same evaluation (sire. dam, etc.). It is 
impossible to arrive at a trivial solution for the problem 
of determining which relationship matrix is best for all 
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cases because many different combinations are possible with 
relationships and progeny numbers. The relationships 
considered include the following: 
1 • Bull/sire 
2~ Bull/sire/dam 
3. Bull/sire/PGS 
A general form of the model used to compare the 
different relationships as a function of progeny numbers is 
given by the following equation: 
z•z + G-1 = 
where, 
z•z 
n (j) 
n (i) 
A-1 
d2Jd2 e. ~ 
= 
= 
= 
= 
= 
sire equations of the mixed model 
number of progeny records for relative j 
of bull i 
number of progeny records for individual i 
inverse of numerator relationship matrix 
for bull i and relative j 
ratio of random error variance to variance 
of the trait involved, a value of 12.33 is 
used in this model 
(19) 
The order of the matrices in equation (19) is expanded 
as required to include the different relationships. The 
inverse of this equation is then determined so that the 
prediction error variance of bull (i) c~n be determined and 
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compared between models. 
Results and Discussion 
Figure 3 shows the first 
alternative pedigree considered. This pedigree has the 
fourth generation removed from the reference pedigree. The 
numerator relationship matrix for the pedigree is given by 
equation (20). The associated inverse is given in equation 
(21). Figures 4-10 give the remainder of the alternative 
pedigrees selected for presentation. Equations 22-28 give 
the corresponding inverse for the numerator relationship 
matrix of each alternative pedigree. The pedigrees shown 
here are those that demonstrate some of the characteristics 
inherent in the computed inverses. 
Animal (7) (6) (5) (4) (3) (2) (1) 
1.0 0 0 0 .5 0 .25 
0 1.0 0 0 .5 0 .25 
0 0 1.0 0 0 .5 .25 
A = 0 0 0 1.0 0 .5 .25 (20) 
.5 .5 0 0 1.0 0 .5 
0 0 .5 • 5 0 1 • 5 .5 
.25 .25 .25 .25 .5 .5 1.0 
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PGS (7) 
Sire (3) 
PGD (6) 
Bull (l) 
M:;S (5) 
Dam (2) 
M:;D (4) 
FIGnRE 3. Alternative pedigree - 1 
(1) ( 6·) ( 5) (Ll} ( 3) {2) ( 1) 
1.5 • 5 0 0 -1 0 0 
.5 1. 5 0 0 -1 0 0 
0 0 1. 5 .5 0 -1 0 
A-t = 0 0 • c; 1. ~ 0 -1 0 { 21} 
-1 -1 0 0 2.5 • 5 -1 
0 0 -1 -1 .5 2.5 -1 
0 0 0 0 -1 -1 2 
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Sire (3) 
Bull (1) 
Darn (2) 
FIGUR E 4. Alternative pedigree - 2 
A-t = 
(3) 
[
1. 5 
• 5 
-1 
(2) 
• 5 
1.S 
-1 
(1) 
_,] 
-1 
2 
(22) 
3'5 
Sire (3) 
Bull (1) 
Darn (2) 
{ 
PMGS (11) 
M;S (5) 
m;n (10) 
{ 
M1:;S (9) 
a;n (4) 
Mvr;D (8) 
FIGURF 5. Alternative pedigree - 3 
( 11) ( 1 0) (9} ( 8) (5) (4) (3) (2) 
1. 5 .5 0 0 -1 0 0 0 
.5 1. 5 0 0 -1 0 0 0 
0 0 1.5 r:: 0 -1 0 0 . -
0 0 • 5 1.1) 0 -1 0 0 
A-t = -1 -1 0 0 2.5 • 5 0 -1 
0 0 -1 -1 .5 ?..5 0 -1 
0 0 0 0 0 0 1.5 • 5 
0 0 0 0 -1 -1 - 5 2.5 
0 0 0 0 0 0 -1 -1 
( 1) 
0 
0 
0 
0 
0 ( 23) 
0 
-1 
-1 
2 
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Sire (3) 
Bull (1) 
-r PPGS (15) PGS (7) 
Pt--CS (13) 
f
MPGS (11) 
M;S (5) 
M-1;8 (9) 
FIGnR~ 6. Alternative pedigree - 4 
( 15) ( 13) ( 11) (9) (7) ( 5) {3) ( 1) 
1.333 0 0 0 -.6f>7 0 0 (') 
0 1.091 0 0 • 182 0 -.364 0 
0 0 1. 3 33 0 0 -.667 0 0 
~-1 = 0 0 0 1.023 0 .047 .093 -. 186 
-.667 • 18 2 0 0 1. 6 97 0 -.727 0 
0 0 -.667 .047 0 1.426 .182 -. 372 
0 -.364 0 .093 -.727 .186 1.827 -.744 
0 0 0 -.18n 0 -.372 -.744 1.488 
( 24) 
37 
PC'..S (7) 
Sire (3) 
Bull (1) 
lU> (5) 
M£S (9) 
FIG~F~ 7. Alternative pedigree - 5 
( 9) (1) (5) ( 3) (1) 
1. 023 0 .047 .093 -.186 
0 1. 3 3 3 0 -.667 0 
A-t = .047 0 1. 093 .186 -.372 (25) 
.093 -.ri67 .186 1.705 -.744 
-.186 0 -.372 -.744 1.488 
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~ Sire (3) 
Bull (1) -
r- i'[;S (5) 
~ tt-t;S (9) 
FIGryRE 8. Alternative pedigree - 6 
(<)) (5) ( 3) {1) 
[ 1. 023 .047 .093 -.186] • 047 1.093 .18fi -.372 
A-t = .093 .186 1.372 -.744 ( 26) 
-.186 -.372 -.744 1.488 
19 
Sire (3) 
Bull (1) 
FIGURE 9. Alternative pedigree - 7 
(S) 
[ 
1. 09, 
- 182 
-.36"3 
(3) 
.182 
1.364 
-.727 
M;S (5) 
( 1) 
-.364] 
-.727 
1.45"; 
{27) 
~0 
Sire (3) 
Bull (1) 
~IGURv 10. Alternative pedigree - 8 
(3) (1) 
[ 
1.333 
-.667 
-.6671 
1.333 
( 28) 
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A predictable pattern occurs for changes in inverse 
elements of a numerator relationship matrix. Some basic 
patterns are readily observable just by looking at 
alternative pedigrees shown in the preceding section. For 
example~ the off-diagonal element between distant relatives 
(separated by a generation or more) is zero when the 
intervening relatives are included in the pedigree. Some 
specific features of the inverse are addressed in the 
following sections. 
Qi~~n~l ~lem~1§ Qf 1h~ inx~£~~ Diagonal elements 
are largest when an animal has both parents and an offspring 
in the relationship matrix. An example would be the 
diagonal element for a sire that has a son in the 
relationship matrix and also has both of his parents in the 
relationship matrix. The diagonal element becomes smaller 
when one of the following happens: 
1. The offspring is removed, or 
2. An immediate parent is removed from the 
relationship matrix. 
The diagonal element, for example, does not change when 
a grandparent or great-grandparent is removed as long as the 
parent on that side of the pedigree is still in the 
relationship. Thinking of this in reverse, in order to 
increase the diagonal element of an animal, it only helps to 
add grandparents when the intervening parent is not included 
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in the relationship. Table 3 lists effects of removing 
close relatives on the diagonal element of the inverse. 
TABLE 3. Change in diagonal element as relatives are 
removed 
------------------------------------------------------------------------------------------------------------------------
Change in magnitude 
-1.0 
-0.667 
-0.4 
-0.476 
o.o 
Relatives Removed 
Both parents of the individual 
One of the parents 
The offspring of an individual 
one grandparent. on the same pedigree 
side with the parent gone 
One grandparent removed. both 
parents still in pedigree 
Positive off-
diagonal elements exist between animals that are unrelated 
by parentage when they have a common offspring in the 
relationship matrix. Positive off-diagonal eleaents exist 
between animals appearing on the opposite side of a pedigree 
(maternal versus paternal) when they have a common 
offspring. For example, in a bull/sire/dam relationship 
matrix inverse, positive off-diagonals exist between the 
sire and dam. If the dam is removed and a bull/sire/MGS 
relationship is considered, then positive off-diagonal 
elements exist between the sire and MGS. The off-diagonal 
becomes smaller as the two animals are further removed from 
the offspring (the bull in this case). 
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Negative off-diagonals exist between offspring and 
parents. Negative off-diagonal elements also exist between 
offspring and ancestors when any parent in that side of the 
pedigree is absent. The largest negative off-diagonal 
(-1.0) exists between an offspring and a parent when both 
parents are in the relationship. 
I~&hnig~ 12 girec!l1 ~QmR~1~ A:! 
By cataloging the changes in each element of the 
inverse as all possible variations are · made to the reference 
pedigree (Figure 2), it is possible to directly write down 
the inverse to any variation. Henderson (1975c) did this 
for one variation, a bull/sire/"GS relationship. However, a 
general technique can be used for any variation. A 
technique for writing down the inverse of any variation to 
the reference pedigree follows with an example using a 
bull/sire/"GS/MMGS relationship. 
Determine all the possible variations to the 
pedigree and the associated numerator relationship matrices 
and inverses. Variations result when one or more 
individuals in the pedigree are unknown and for all 
combinations. These variations are given in Figures 12-17 
with Figure 11 being the basic one. 
Sire 
Bull 
[.,L 
0 0 .125] A = 1 0 • 25 
0 1 • 5 
.25 .5 1 r. 02330 .04651 • 09 30 2 -.1860] A-1 = .04651 1 .09300 .18605 -. 3721 
.09302 .18605 1.37210 -.7442 
-.18600 -.37210 -.7442 1.4884 
FIGURE 11. Basic pedigree 
Sire 
Bull 
A = [~s ·~] 
[ .333 -.6671 A-1 = 
-.667 1.333 
FIGURE 12. Pedigree variation - 1 
45 
Sire 
Bull 
[ , 0 . 25] A = 0 1 .5 .25 .5 1 
[1.091 .1A2 -. 364] A-1 = .182 1.364 -.727 
-.363 -.121 1.455 
FIGnRE 13. Pedigree variation - 2 
A-1 
Sire 
Bull 
r 1 0 0 1 
L-125 .5 
A. = 
[
1.0213 .08511 
= .001:)11 1. 3404 
-.1702 -.6809 
.125] .5 
1 
-.1702] 
-.6809 
1.3167 
~IG UBF. 14. Pedigree variation - 1 
Bull 
[. 1i5 
0 .125] 
~ = 1 .25 
.25 1 
[ 1. 0169 .0339 -.13~6] 
,A-1 = .0339 1.0678 -.2712 
-. 13 56 -.2712 1.0847 
fiGUF~ 15. Pedigree variation - 4 
Bull MGS 
[ 
1 • 25] 
A = • 25 1 
A-t = [ 1. 0667 -. 2667] 
-.2667 1.0667 
FIGryRE 16. Pedigree variation - S 
47 
Bull 
MM:;S 
A=[ 1 .125] 
.125 1 
A-t = [1.015q 
-. 127 
-. 127 ] 
1.0159 
FIGURE 17. Pedigree variation- 6 
§tge ~ Set up a table listing the values that are 
added to each element in a 4x4 A-t matrix for each 
individual as a function of each variation to the basic 
pedigree. This is best accomplished by assigning a letter 
designation to each position in the pedigree for each animal 
and his ancestors (Henderson, 1975c). Designate these as 
follows: bull-i, sire-j, MGS-k, and MMGS-1. Elements in the 
inverse relationship matrix would then be as in the 
following equation: 
A-t = 
[
(i, i) 
(j, i) 
(k, i) 
(1, i) 
(i 1 jl 
(j, j) 
(k, j) 
(1, j) 
(ilk) 
( j, k) 
(kl k) 
(11 k) 
(i 1 l)J 
(j 1 1) 
(k 1 1) 
(11 1) 
a. sire ( j) 1 MGS (k) 1 and !IIJIIGS (1) known: 
(29) 
add 1.4884 
• 3721 
.093 
.0233 
-.7442 
-.3721 
-.186 
.18605 
.09302 
.04651 
to (i ,i) 
to (j,j) 
to (k,k) 
to (1,1) 
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to (j,i), (i,j) 
to (k,i), (i,k) 
to (1,i), (i,1) 
to (k, j) , (j, k) 
to (1,j) ,(j,1) 
to (l,k),(k,1) 
b. both sire(j) and ~GS(k) known, ~MGS(1) unknown 
add 1.4545 to (i,i) 
.3636 to (j ,j) 
.0909 to (1,1) 
-.3636 ti (i,1). (l,i) 
-.7273 to (j,i),(i,j) 
.1818 to (1,j), (j,1) 
c. both sire(j) and MMGS(1) known, MGS(k) unknown 
add 1.3167 to (i,i) 
.3404 to (j,j) 
.0213 to (k,k) 
-.6809 to (j,i), (i,j) 
-.1702 to (k,i), (i,k) 
.08511 to (k,j), (j,k) 
d. both MGS(k) and MMGS(1) known, sire(j) unknown 
add 1.0847 to (i,i) 
.0678 to (k,k) 
.0169 to (1,1) 
-.2712 to (k,i), (k,k) 
-.1356 to (l,i). (1,1) 
.0339 to (k, 1), (l,k) 
e. MMGS(1) known, both sire(j) and "GS(k) unknown 
add 1.0159 to (i,i) 
-.1270 to (i,l),(l,i) 
.0159 to (1,1) 
f. MGS(k) known, both sire(j) and "MGS(k) unknown 
add 1 .0667 to (i,i) 
.0667 to (k,k) 
-.2667 to (k,i). (i,k) 
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g. sire(j), MGS(k), and MMGS(l) all unknown 
add 1 to (i ,i) 
Take the group of bulls and their ancestors 
that are to be used in a relationship matrix and arrange 
each by identification (ID), pairing each with his 
respective ancestors. An example is presented to illustrate 
this procedure. 
Bull ID Sire ID MGS ID MMGS ID 
(i) (j) (k) (1) 
------~--------------------------------
1 3 4 5 
2 0 4 0 
3 0 0 0 
4 0 0 0 
5 0 0 0 
6 0 4 5 
7 3 0 0 
8 0 0 0 
9 0 0 8 
Values are then added to the 1-1 matrix according to 
the criteria listed in Step 2 for each bull(i). Bull(1) has 
values added according to Step 2-a, bull(2) has values added 
according to Step 2-f, etc. The resulting A-1 f~r this 
example is given by the following equation: 
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A-1 = 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
1 .488 4 0 -.7442 -.3721 -.1860 0 0 0 0 
0 1.0667 0 -.2667 0 0 0 0 0 
-.7442 0 1.7054 .1861 .0930 0 -.6667 0 0 
-.3721 -.2667 .1861 1.2275 .0804 -.2712 0 0 0 
-.186 0 .0930 .0804 1.0402 -.1356 0 0 0 
0 0 0 -.2712 -.1356 1.0847 0 0 0 
0 0 -.6667 0 0 0 1.333.3 0 0 
0 0 0 0 0 0 0 1. 01 59 -.1270 
0 0 0 0 0 0 0 -.1270 1.0159 
(30) 
The inverse can easily be verified by determining the 
numerator relationship matrix for the group of bulls and 
computing its inverse by conventional computer techniques. 
The numerator relationship for this example is given by the 
following equation. 
( 1) ( 2) (3) (4) (5) (6) {7) (8) (9) 
1 .0625 .s .25 .125 .07813 .25 0 0 
.0625 1 0 .25 0 .0625 0 0 0 
.s 0 1 0 0 0 .5 0 0 
.25 .25 0 1 0 .25 0 0 0 
A = .125 0 0 0 1 .1 25 0 0 0 
.07813 .o 625 0 .2 5 .125 1 0 0 0 
.25 0 .5 0 0 0 1 0 0 
0 0 0 0 0 0 0 1 .125 
0 0 0 0 0 0 0 .125 1 
(31) 
for actual sire evaluations, computer algorithms are 
set up to list bulls with their respective ancestors that 
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are known. Once the list is established. an inverse can be 
developed by adding in the appropriate diagonal and off-
diagonal elements for each bull in the list. 
The predicted breeding value for bull 2 
in the simplified one-way random model is written from 
equation {15) as follows: 
1 
s{2) = ------------------------------------- Y.2 
[-.6667 k)2 
[n{2) + 1.333 k)- ------------------
[n(l) + 1.333 k] 
1 
+ --------------·---------------------------- Y.l 
[n{l) + 1.333k] [n(2) + 1.333k] 
[-.667k]-
[-.667 k] 
(32) 
where. 
n (2) = number of progeny for bull 2 
n (1) = number of progeny for bull 1 • sire of 
bull 2 
1 • 333 = diagonal element of A -1 
-.667 = off-diagonal eleaent of A-J 
k = dj/~2 = (1 - .25 h2)/.25 hZ 
Figure 18 shows the influence that a relationship tie 
can have on breeding value prediction. A heritability (h2) 
of .3 is assumed in this figure. It is also assumed that 
Y.2/n(2) is constant at 475 pounds. and Y.l/n(l) is constant 
at 500 pounds. This figure shows that if one of two bulls 
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(having equal progeny numbers and equal measured 
performance) is tied through a relationship with another 
bull in the evaluation, several pounds could be added to his 
breeding value predictor. The influence of this 
relationship tie is most pronounced at low progeny numbers 
for this bull (bull 2 in this case). 
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~------·· 20 
··- - ·- ---·--· .. . so 
20 30 
Nt.IIDer of progeny for bull 2 
40 
FIGURE 18. Influence of relationships on breeding value 
prediction 
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Figure 19 shows the influence of heritability (h2) on 
breeding value prediction along with the relationship tie. 
As expected, the breeding value predictor is higher ·for the 
higher heritability. The contribution to the breeding value 
predictor from the relationship does not appear all that 
different for the two heritabilities considered. 
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f \ ' L _ . 22 (h2 = .1) \ .._____ 6 (h2 = .3) ~ 
\__ 22 (h2 = .3) 
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Nunber of progeny for roll 2 
FIGURE 19. Influence of heritability on breeding. value 
prediction 
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Referring to equation (16). the coefficients of both 
Y.1 and Y.2 are positive. This means that, regardless of 
the performance of bull 2's sire, pounds will be added to 
bull 2's breeding value predictor. If the mean had been 
removed from the predictors to consider predicted 
differences, bull 2's predicted difference could either 
decrease or increase in magnitude. 
The prediction error 
variance for bull 2 in the simplified one-way random model 
can be written from equation (17) as follows: 
1 
Var( s (2) - s (2) ] = 
[ -.6667 k )2 
[n(2) + 1.333 k] . - ----------------
[n(l) + 1.333 k] 
where, 
n(2) = number of progeny for bull 2 
n(l) =number of progeny for bull 1, sire of 
1.333 
-.667 
k 
6t 
= 
= 
= 
= 
bull 2 
diagonal element of A~l 
off-diagonal element of A-l 
djldj = (1 - .25 h2)/.25 h2 
random error variance 
Equation (33) is used to show the influence of 
relationships on prediction error variance from which 
(3 3) 
accurdcy of prediction can be obtained by taking its square 
root. Figure 20 shows this influence for different progeny 
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numbers for both bull 2 and his sire. A heritability of .3 
is assumed in this figure and ~2 is assumed to be 50.0 
poundsz. The most significant impact on accuracy of 
prediction occurs when bull 2 has fewer than 10 progeny. 
The influence of the relationship matrix is negligible on 
accuracy of prediction when bull 2 has more than 20 progeny. 
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t. 
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FIGURE 20. Influence of relationships on prediction error 
variance 
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figure 21 shows the influence of heritability on 
prediction error variance. Heritabilities of .1 and .3 are 
considered in cases where the sire of bull 2 has a constant 
number of progeny equal to 22. In first thinking about what 
affect hZ might have on prediction accuracy, one might 
expect the higher hZ to give a lower value for prediction 
accuracy. The point to remember is that for traits with low 
heritabilities, the variance of the distribution of breeding 
value predictors will be smaller than the variance for a 
trait with a higher heritability. That is, more true values 
for individuals will be closer to the population mean in the 
case of low hZ versus for a higher hZ. The variance of a 
boll's predictor from his true gentic value then will be 
smaller for the lower hZ case, assuming ~ is the same. 
Bg!~1!Qn~h1£~ !Q £QAsi~g£ in &g~f ~!£g ~Y~!~~!!Q~ 
Re!~!!Q~~hi£~ ~!1h in!g£y~n!ng £g!~1!Yg§ In 
addressing a fallacy in "Galton's Law", Lush (1937) pointed 
out that the partial correlation between grandparent and 
grandson, the intervening parent being held constant, is 
zero in any population in which the correlation coefficient 
between parent and offspring is .5 and the correlation 
between grandparent and grandson is .25. Lush stated that 
if the parent's heredity is not known, it is true that the 
individual is determined one-sixteenth by each of its 
grandparents. However, if the parent's heredity is known, 
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FIGURE 21. Influence of heritability on prediction error 
variance 
knowledge of the grandparents adds nothing to the knowledge 
of the individual. He further stated that the use of both 
in a single prediction would be using some of the 
information a second time. 
Knowledge is not used a second time with intervening 
relatives present when Wright•s (1922) coefficient of 
relationship is used to provide the covariance structure 
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between individuals. This can be graphically shown when 
comparing a bull/sire/PGS relationship to a bull/sire/"GS 
relationship. The bull has the same covariance tie 
structure in both cases, but in one case there is an 
intervening relative and in the other there is not. The 
variance-covariance matrix and associated inverse are given 
for each case in the following equations: 
Bull/sire/PGS: 
A = 
Bull/sire/"GS: 
A = 
A-1 = 
PGS 
[ ~5 
.25 
[
1 • 33 3 
-.667 
0 
MGS 
[.~5 
[
1 • 091 
.1818 
-.3636 
sire 
.5 
1 
.s 
-.667 
1.667 
-.667 
sire 
0 
1 
.5 
.1818 
1.3636 
-.7273 
bull 
• 25 ] 
.5 
1 
0 
-.667 
1 • 333 
bull 
] 
• 25 ] 
.5 
1 
-.3636~ 
-.7273 
1.4545 
(34) 
(35} 
(36) 
(3 7) 
Figure 22 graphically shows what happens to the percent 
reduction in prediction error variance for a bull/sire/PGS 
versus a bull/sire/"GS relationship matrix using a bull/sire 
matrix as the point of reference. The progeny numbers for 
the PGS and MGS vary from 1 to 40. The number of progeny 
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for the bull is held constant at 2. and the number of 
progeny for his sire is held constant at 20. From this 
figure. two things are apparent: 
1. Wright's coefficient does not double count the 
PGS's influence on his grandson's prediction 
error variance. 
2. There would be little justification for including 
a PGS in a relationship matrix when the 
intervening parent is present. As progeny 
numbers for the bull increase to more realistic 
values (20 or more). the reduction in prediction 
accuracy due to the addition of a PGS would 
becoae even more negligible. 
!l1~~na1ix~ £~l~1i2n2hi~2 Figure 23 shows the 
percent reduction in prediction error variance (PEV) for a 
bull when different relationship ~odels are used versus a 
case of no relationships. With the exception of the dam, 
all ancestors have progeny records equal to 20 in these 
models. The dam has two records in the bull/sire/daa 
relationship model. From this figure it can be seen that if 
a dam has no more than two records. using a bull/sire/MGS 
relationship would be equivalent to a bull/sire/da• 
relationship if the MGS has 20 progeny. It is also apparent 
that the MMGS adds little in terms of reducing prediction 
error variance. 
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Table 4 presents some tradeoffs that can be considered 
for the alternative models using the bull/sire/dam 
relationship as a reference. The table presents : the number 
of progeny the sire of the bull must have in each of the 
alternative relationships to result in equivalent prediction 
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FIGURE 23. Percent reduction in PEV for different 
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50 
error variances for the bull. In the table, the number of 
progeny for both the bull and his dam in the reference model 
is held constant at two, and the number of progeny for the 
hull's sire varies from 1 to 100. 
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TABLE q. Sire progeny numbers required for equivalent 
influence 
------------------------------------------------------------------------------------------------------------------------
Sire progeny numbers 
Reference relationship Alternative relationships 
Bull/sire/dalftl 
1 q 1 
2 5 2 
3 6 4 
q 8 5 
5 9 6 
10 18 11 
15 28 16 
20 ijQ 23 
50 >100 60 
100 )10000 )100 
lOam has 2 progeny, bull has 2 progeny. 
zsull/sire relationship, bull has 2 progeny. 
JBull/sire/MGS relationship, bull has 2 progeny, 
MGS has 15 progeny. 
1 
1 
2 
3 
q 
9 
1 3 
17 
q5 
95 
~Bull/sire/MGS/MMGS relationship, bull has 2 progeny, 
MGS has 15 progeny, MMGS has 15 progeny. 
Table 5 presents a similar tradeoff, but here the dam 
has 5 progeny records in the evaluation. ~any combinations 
of progeny numbers could be presented. However, these 
suffice to indicate the influence that a relationship which 
includes the dam can have as compared to all male 
relationships. 
Four conclusions are drawn from the relationship models 
considered in Tables q and 5: 
1. A bull/sire/MGS relationship is equivalent to a 
bull/sire/dam relationship if the dam has no more 
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TABLE 5. Sire progeny numbers required for equivalent 
influence 
------------------------------------------------------------------------------------------------------------------------
Sire progeny numbers 
Reference relationship Alternative relationships 
Bull/sire/damt 
1 6 4 3 
2 8 6 4 
3 11 1 6 
4 14 9 1 
5 18 1 1 8 
10 36 20 15 
15 52 .33 28 
20 )100 so 50 
50 ))1000 1000 100 
100 )10000 )1000 
lOam has 5 progeny, bull has 2 progeny. 
ZBull/sire relationship, bull has 2 progeny. 
Jaull/sire/MGS relationship, bull has 2 progeny, 
MGS has 15 progeny. 
•Bull/sire/MGS/MMGS relationship, bull has 2 progeny, 
MGS has 15 progeny, MMGS has 15 progeny. 
than two records and the MGS has 15 or more 
progeny records in the evaluation. 
2. Going to a bull/sire/MGS/MMGS relationship matrix 
can slightly relax the number of progeny records 
for the MGS and MMGS down from 15 to maintain 
equivalent predictions error variances. 
3. When the dam has 5 progeny records in the model, 
the sire must have at least 50 percent more 
progeny in any of the other models to maintain 
equivalent prediction error variances for the 
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bull. 
A concluding comment might be that actual sire 
evaluation data needs to be reviewed to determine what 
ancestors are known for a bull being evaluated and how many 
progeny records each has in the evaluation. If a general 
pattern occurs, then it would be possible to develop a set 
of criterion to use in selection of the relatives to use, be 
it for dams. sires. or MGSs. etc. 
Summary 
The purpose of the section was to review the nature of 
the inverse of the numerator relationship matrix and to 
investigate the influence that it has upon mixed model sire 
evaluation solutions. Different relationships were also 
analyzed to determine which might have potential in 
improving prediction accuracy when using mixed models for 
sire evaluation. 
A predictable pattern occurs to changes in the elements 
of an inverse of a numerator relationship matrix. as 
variations of a basic pedigree are made. Variations are 
made by deleting different individuals from the basic 
pedigree. By dividing any given pedigree composed of 
directly related individuals into all of its variations. it 
is possible to develop a set of rules for writing down an 
inverse of the relationship matrix that defines any group of 
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individuals for this given pedigree. Henderson (1975c) has 
done this for a bull/sire/MGS pedigree. The discussion 
outlines a general technique for the procedure with a 
bull/sire/MGS/MMGS pedigree. 
The use of relationships in mixed model sire evaluation 
can improve prediction accuracy. Improvement of prediction 
accuracy is highest for a bull that has few progeny records 
(less than 10). Little improvement is obtained for the 
prediction accuracy of a bull by including his PGS in the 
relationship when the sire of the bull is also in the 
relationship. The grandparent can provide a significant 
contribution to improvement in prediction accuracy when the 
intervening ancestor is eliminated from the relationship. 
Using a bull/sire/MGS model without the dam, the MGS 
improved prediction accuracy by as much as 5 percent when he 
had upwards of 40 records in the model and the bull had 2 
records. As the bull is given more records, the 
contribution to improved accuracy drops rather sharply. The 
MGS requires 15 or more progeny records to have the same 
influence on his grandson's prediction accuracy that a dam 
with 2 records has. For the dam with 4 records, the MGS 
requires 500 records, and for the dam with 5 or more 
records, the MGS requires upwards of 10,000 records. 
For a bull with fe~ progeny records (less than 20), use 
of a relationship matrix tying him to a sire with 20 or more 
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records. can influence the boll's predicted breeding value. 
As the number of records for the bull increases beyond 20. 
the influence of a sire on the boll's predictor decreases. 
Few females will have more than one son being evaluated 
as a sire in beef sire evaluations. To include females in a 
relationship matrix then means doubling the number of 
equations that would require solution. On the surface this 
indicates that information from the maternal side of a 
boll's pedigree may be more practically accounted for by 
including males only from the maternal side such as the MGS. 
MMGS. etc. This is true provided the dam being deleted has 
fewer than three or four progeny records and no more than 
one son being evaluated as a sire and the MGS has upwards of 
15 progeny records in the evaluation. 
Additionally. with the advent of embryo transfers from 
superior females. it is likely that several females will 
have more than one son being evaluated as a sire. 
Evaluations will need to give serious consideration to any 
dam having more than 5 records in an evaluation and/or is an 
embryo transfer dam. A review of actual beef sire data is 
needed to determine how many feaales fall into either of 
these categories. Under the assumption that few beef dams 
have more than three or four records in an evaluation or 
more than one son being evaluated as a sire. there are three 
alternative relationships that deserve more analysis. These 
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include: bull/sire, bull/sire/MGS, and bull/sire/MGS/MMGS. 
The analysis in Part One of the thesis uses a one-way 
random model that is much simplified co•pared to most models 
used in sire evaluation. Ho contemporary group and sire 
genetic group fixed effects are included in the model. 
Reductions in prediction error variance of 5-18 percent 
appear possible by using relationships in the model. A 
question, however remains. How much influence does the 
relationship matrix have when the two different group fixed 
effects are included in the aodel? Part Two of the thesis 
addresses this question. 
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PART II. HYPOTHETICAL SIRE EVALUATION MODEL 
Introduction 
The analysis of Part One illustrates that using 
relationships in mixed model sire evaluation can improve 
prediction accuracy. · The model used to sho~ improvement "is 
a simple one-way random model that does not include fixed 
effects. However, fixed effects are a very real part of 
performance records that must be accounted for in any mixed 
model sire evaluation. The purpose of Part Two is to 
develop a model that is more typical of that being used in 
current mixed model beef sire evaluations. The model 
developed in Part Two includes both contemporary group and 
genetic group fixed effects in addition to the random sire 
effects. 
Three relationships compared in this analysis are: 
bull/sire, bull/sire/MGS, and bull/sire/MGS/MMGS. The 
analysis does not include dams in the relationships. This 
is not to say that dams should always be ignored. Serious 
consideration will have to be given on how to best include 
dams in the evaluation with the increasing use of embryo 
transfers from superior females. Inclusion of such dams 
seems to have the potential of greatly improving breeding 
value prediction accuracy. 
The results of Part One point out that there is 
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negligible advantage to using PGSs of a bull when the 
intervening sire of the bull is known. Therefore, 
relationships of the type that include intervening relatives 
are not included in the analysis. 
Part Two addresses the specific question of how much 
improvement in prediction accuracy can be expected for 
alternative relationships when included in a mixed moded 
sire evaluation. A aodel is developed that serves as a 
reference point for comparison between the alternative 
relationships. The reference model is a mixed model sire 
evaluation set of equations without relationships. 
Variations are made to the basic model by parametrically 
varying progeny numbers for various sires in the evaluation 
as each of the different relationship matrices are included 
in turn. Perc~nt reduction in prediction error variance of 
the difference between two sires in the evaluation is used 
as a relative measure of the influence of each relationship. 
The model without relationships is used as the point of 
reference for calculation of the percent reducti~n. 
Materials and Methods 
~Q~el Q~!ini!i2n 
A model definition must relate to the 'real-world' 
situation, but in a simplified manner so that 
interpretations of results can be meaningful. That is, when 
10 
prediction accuracy improves, one wants to know precisely 
why the change occurred. Therefore, the model is designed 
to allow for variations to the basic reference system in two 
ways: 
1. By changing the type of relationship matrix 
inverse added to the sire submatrix equations,and 
2. By independently varying the number of progeny 
each individual in the evaluation could have. 
Prediction error variance (a measure of accuracy) 
depends upon several factors related to the model. These 
factors primarily include: 
1. Numbers of progeny records, 
2. Heritability of the trait being measured (h2), 
3. Population error variance of the trait (6f), 
4. Sire ties, and 
5. Fixed sire genetic group effects. 
The trait used in the model is weaning weight with 
h2 = .3. Population random error variance for weaning 
weight is 50.0 pounds2. 
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The following mathematical model 
statement forms the basis for all analyses in this section: 
y (ijkl) = u + h (i) + g (j) + s (jk) + e (ijkl) 
where. 
y(ijkl) 
u 
h (i) 
g (j) 
s (jk) 
= 
= 
= 
= 
= 
an adjusted weaning weight record 
population mean, fixed effect 
fixed effect coMmon to records made in the 
i-th contemporary group 
fixed effect common to records made in the 
j-th genetic group (birth year of sire) 
a random effect associated with the k-th 
(38) 
e (i jkl) = 
sire within the j-th genetic group. NID(O,df) 
random error associated with the weaning 
record of the 1-th calf of sire k within 
group j in contemporary group i. NID(O,dl) 
The typical procedure in sire 
evaluation is to absorb the contemporary groups into the 
sire effects of the model. No information is lost by doing 
this. and the number of equations to be solved are reduced. 
After absorption. group equations are formed by summing 
appropriate sire equations. Since genetic group equations 
and contemporary group equations are dependent. a 
restriction must be applied to the group equations. 
The procedure of absorption in the defined model is one 
of direct formulation of the coefficient matrix by 
Statistical Analysis System (SAS) matrix procedures. The 
group equations and sire equations are both adjusted at the 
same time for the contemporary group effects. 
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First, the model statement of equation (38) is re-
defined as: 
y (ij~l) = h (i) + g (j) + s (ij) + e (ijkl) 
where, 
h(i) =fixed contemporary group effect plus the 
population mean 
all other elements remain as defined in 
equation (36) 
This model statement is equivalent to: 
Y = X, B, + X1 B,~ + Z U + e 
Then the normal equations can be written as: 
[
X,' X, 
X2.' X, 
z' x, 
X.'Z] [ B,J X~.,' Z . B~ 
Z'Z U 
Solving for B in equation (41) and substituting it 
back into the equations for B and U is the process of 
(39) 
(40) 
(41) 
"absorbing" contemproray group equations into the genetic 
group equations and the sire equations. The absorbed set of 
equations can be written as follows: 
where, 
x~sz] 
z•sz [ ~·] = 
5 = I -X (X'X)-lX' 
[
Xl SY 1 
Z'SY 
x:sx._ = X..,'X - [ X..'X, ][X,' X, )-1[ X1'XJ 
x:sz = Xt.'Z- [X"'X, ][X,'X, )-l[X,'Z] 
Z'SX._= Z'X .. - [Z'X, ][X,'X, )-l[X,'XJ 
Z'SZ = Z'Z- [Z'X, ][X,'X 1 )-l(X11 Z) + G-1 
(42) 
(43) 
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The computer algorithms used for the analysis in this 
section automatically set up the coefficient matrix of 
equation (42) upon specification of numbers of progeny for 
sires in the evaluation and the type of relationship matrix 
to be used. 
~~~~1i£ gr£~E2 Four distinct genetic groups are 
established. These groups are defined as the birth year 
within which each sire in the evaluation was born. Each of 
these genetic groups also serves as a generation group when 
relationships are to be included in the evaluation. 
coaa~£!eda~22 some tie must be established to allow 
for direct comparison of genetic groups. This is done by 
selection of a reference sire to ha?e progeny records in all 
the different contemporary groups. The reference sire is 
also assigned to a particular genetic group. The number of 
progeny of the reference sire in each contemporary group is 
the same. 
~~!iQ~i£2 The present study assumes that no 
females would be included in the model. variations to the 
relationships come as a result of adding first a bull/sire 
relationship, second a bull/sire/maternal grandsire (~GS) 
relationship, and third a bull/sire/MGS/maternal-maternal 
grandsire (MMGS) relationship. 
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TABLE 6. Hypothetical sire evaluation model 
------------------------------------------------------------
Contemporary 
Group 
1 
- -
2 
- -
3 
- -
-
-
-
Genetic 
Group Individual 
1 Sire 1 (Ref) 
1 Sire 2 
1 Sire 3 
1 Sire 10 (Dummy) 
- - - - - - - - - -
1 Sire 1 (Ref) 
2 Sire 4 
2 Sire 5 
2 Sire 11 (Duamy) 
- - - - - - - - - -
1 Sire 1 (Ref) 
3 Sire 6 
3 Sire 7 
3 Sire 12 (DUIImy) 
- - - - - - - - - - - -
1 Sire 1 (Ref) 
4 Sire 8 
4 Sire 9 
4 Sire 13(Dummy) 
No. of progeny 
5,.10,.20 
1,.2,.3,.4,.5,.7,.10,.15,.20,.50 
1,.2,.3,.4,.5,.7,.10,.15,.20,.50 
0,.500 
- - - - - - - - - - -
5,.10,.20 
1.2.3,.4,.5,.7,.10,.15,.20,.50 
1,.2,.3,.4,.5,.7,.10,.15,.20,.50 
0,.500 
- - - - - - - - - - -
5,.10,.20 
1,.2.3,.4,.5,.7,.10,.15,.20,.50 
1,.2,.3,.4,.5,.7,.10,.15,.20,.50 
0,.500 
- - - - - - - - - - -
5,.10,.20 
1,.2,.3,.4,.5,.7,.10,.15.20,.50 
1,.2,.3,.4,.5,.7,.10,.15,.20,.50 
0,.500 
An example demonstrates the method of calculating the 
prediction error variance of the difference (PEYD) between 
two sires in the model. The mathematical model statement 
corresponds to that of equation (37) given in the preceding 
section. Table 7 lists the definition of groups and the 
assignment of progeny numbers for each sire. Equation (44) 
is the coefficient matrix for the complete set of mixed 
model equations for the sires listed in Table 7. 
75 
TABLE 7. Exaaple model group and progeny numbers definition 
------------------------------------------------------------~~
Contemporary 
Group 
, 
2 
3 
Genetic 
Group 
1 
1 
1 
1 
2 
2 
1 
3 
3 
1 
4 
4 
Sire 
ID 
1 (ref) 
2 
3 
1 (ref) 
4 
5 
1 (ref) 
6 
7 
1 (ref) 
8 
9 
Number of 
Progeny 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
15 
15 
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Coefficient •atrix = 
230160 60 60 501120 40 40 30180 20 20 20 20 20 20 15 15 
- - - - - - - - - - - - - - - - - - - -
60160 I 60 120 20 20 
601 60 l 20 40 120 20 20 
601 60 l 20 40 120 20 20 
SOt 501 20 30120 15 15 
- - - - - - - - - - - - - - - - - - - - - - - -
120160 20 20 201120 180 20 20 
401 40 I 40 I 20 20 
401 40 I 40 I 20 20 
301 301 301 15 15 
- - - - - - - - - - - - - - - - - - - - - - - -
80120 20 20 201 80 180 
20120 I 20 I 20 
20120 I 20 I 20 
201 20 I 20 I 20 
201 20 I 20 I 20 
201 20 I 20 I 20 
201 20 I 20 I 20 
151 1 51 151 15 
151 1 51 1 51 15 
+ G-1 
(44) 
In the case of no relationships, the G-1 term that 
augments the sire equations is of the following form: 
(45) 
One of the many possible relationships that might exist 
in this model would be that sire 9 is a son of sire 6 and 
that sire 8 is a son of sire 7. In that case, the identity 
matrix of equation (45) is replaced with the inverse of the 
numerator relationship matrix that describes the ties 
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between these individual sires. The relationship matrix (A) 
for a sire and his son is given by equation (46). 
(Sire 6) (Sire 8) 
[ 1.0 o.s 
J A = (46) o.s 1.0 
where, 
[ 1 .333 -0.667] 
A-l = (47) 
-0.667 1.333 
The 9x9 inverse relationship matrix to be added to the 
sire submatrix equations becomes equation (48). 
A-J = 
51 52 53 54 55 56 57 58 59 
1 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 (48) 
0 0 0 0 0 1.333 0 -.667 0 
0 0 0 0 0 0 1. 333 0 -.667 
0 0 0 0 0 -.667 0 1.333 0 
0 0 0 0 0 0 -.667 0 1.333 
The coefficient matrix, after absorption of 
contemporary groups and augmentation of the sire submatrix, 
is given by equation (49). A Lagrange multiplier has been 
added to bring the coefficient matrix to full rank before 
inversion. The g-inverse is given by equation (50). 
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Coefficient matrix = 
38.66 7 -13.33 -13.33 -12 38.667 0 0 -6.667 
-13.33 13.333 0 0 -13.33 0 0 6.6667 
-13.33 0 13.333 0 -1 3. 33 0 0 0 
-12 0 0 12 -12 0 0 0 
- - - - - - - - - - - - - - - - - - - - - - -
38.667 -1 3. 33 -13.33 -12 I 64.33 -6.667 ... 6.667 -6.667 
0 0 0 0 I -6 .6 6 7 25.663 -6.66 7 0 
0 0 0 0 I -6.667 -6.667 25.663 0 
-6.667 6.6667 0 0 I -6.667 0 0 25.663 
-6.667 6.6667 0 0 I -6.667 0 0 -6.667 
-6.66 7 0 6.6667 0 I -6.667 0 0 0 
-6.667 0 6.6667 0 I -6.667 0 0 0 
-6 0 0 6 I -6 0 0 0 
-6 0 0 6 I -6 0 0 0 
- - - - - - - - -
1 1 1 1 0 0 0 0 
-6.667 -6.667 -6.667 -6 -6 1 
6.6667 0 0 0 0 1 
0 6.6667 6.6667 0 0 1 
0 0 0 6 6 1 
- - - - - - - - - -
-6.667 -6.667 -6.667 -6 -6 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
-6.667 0 0 0 0 0 
25.663 0 0 0 0 0 
0 29.773 -6.667 -8.22 0 0 
0 -6.667 29.773 0 -8.22 0 
0 -8.22 0 26.94 -ll .s 0 
0 0 -8.22 -4.5 26.9ll 0 
- - - - - -
0 0 0 0 0 I 0 
(49) 
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g-inverse = 
.051 53 -.0131 -.0182 -.0203 -.0357 -.0125 -.0125 • 01 Oil 1 
-. 01 31 .o85ll8 -.0351 -.0372 .01191 .OOll18 • 00418 -.0304 
-.0182 -.0351 .07534 -0.022 .01191 .00418 .00418 .01014 
-.0203 -.0372 -0.022 0.0195 .01191 .00418 .00418 • 01 014 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - -
-.0357 .01191 .01191 .01191 I .04166 .01672 .01672 0 
-. 01 25 .00418 .00418 .00418 I .01672 .04766 .01672 0 
-.0125 .00418 .00418 .00418 I .01672 .01672 .04766 0 
.01014 -.0304 .01014 .01014 I 0 0 0 .05602 
.01014 -.0304 .01014 .01014 I 0 0 0 .02509 
.01521 .01521 -.0253 -.0051 I 0 0 0 0 
.01521 .01521 -.0253 -.0051 I 0 0 0 0 
.01521 .01521 -.0051 -.0253 I 0 0 0 0 
.01521 .01521 -.0051 -.0253 I 0 0 0 0 - - - - - - - - - - - - - - - - - - - - -
0.25 0.25 0.25 0.25 0 0 0 0 
.01014 .01521 .01521 .01521 • 051 21 .25 
-.0304 • 01 5 21 .01521 .01521 .01521 .25 
.01014 -.0253 -.0253 -.0051 - .oo 51 .25 
.01014 -.0051 -.0051 -.0253 -.0253 .25 - - - - - - - - - -
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
.02509 0 0 0 0 0 
.05602 0 0 0 0 0 
0 .05513 .02597 .02409 .01646 0 
0 .02597 .05513 .01646 .02409 0 
0 .02409 .01646 .05745 .02365 0 
0 .01646 .02409 .02365 .057ll5 .Q 
- - - - - - - - - -
0 0 0 0 0 I 0 
(50) 
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PEVD between the reference sire and sire 9 for this one 
case is given by: 
where, 
PEVD = [K ft] (g-inverse] [~] * 50.0 poundsZ 
= 5.012 poundsZ 
( K ft) = ( 1 0 0 0 -1 1 0 0 0 0 0 0 0 -1 0) 
Results and Discussion 
(51) 
(52) 
Multiple computer runs are made to calculate the PEVD 
between sires in the hypothetical sire evaluation model. 
Progeny numbers are varied para•etrically for the sires in 
each of the four ·genetic groups. That is, progeny nuabers 
for the reference sire are varied fro• 1 to 20 .for each 
contemporary group he was in while the progeny numbers for 
each of the other sires are held constant. The progeny 
numbers for the .other sires are increased and the progeny 
numbers for the reference sire are varied from 1 to 20 
again. The parametric process is repeated by varying . the 
number of progeny for the sire of a bull while all progeny 
for this bull and other sires in the evaluation are held 
constant. The parametrics are duplicated for each of the 
four relationship matrix cases: no relationships, bull/sire, 
bull/sire/MGS, and bull/sire/ftGS/MMGS. Only a fraction of 
the PEVDs are presented here. However, the trends shown 
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represent all the different cases considered in the study. 
Table 8 illustrates the case where the progeny number 
for all sires. excluding reference sire and sire 9. is held 
constant at 20. The reference sire has 10 progeny records 
in each contemporary group. The PEVDs shown are those for 
the reference sire and sire 9. Figure 24 indicates the 
percent reduction in PEVD as additional relationships are 
included in the sire equations. The reference point is the 
case in which no relationships at all are used. 
TABLE 8. PEVD for reference sire and sire 9. progeny for 
reference = 10 
------------------------------------------------------------
Relationship matrix type Number of 
progeny 
for bulll no rel. bull/sire bull/sire/MGS bull/sire/MGS/MMGS 
1 31.875 31.604 31.535 31.518 
2 19.245 19.007 18.946 18.931 
3 14.964 14.755 14.701 14.687 
4 12.781 12.595 1 2. 546 12.534 
5 11.443 11.276 11.232 11.221 
7 9.864 9.729 9.693 9.684 
10 8.619 8.516 8.488 8.481 
15 7.581 7.512 7.492 7.487 
20 7.023 6.972 6.958 6.954 
50 5.901 5.887 5.883 5.882 
lBull is sire 9. 
A2 
2.0 
~ 
~ 
P.l 
1.5 
h2 = .3, ri: = 50 
-~ Bull/ Sire/:t£8 /11-IGS 
§ 
·r-1 .u 
~ 1.0 Bull/Sire 
a) 
H 
~ 
C) 
~ 
P-1 .5 
10 20 30 40 
Number of progeny for bull 
PIGUBE 25. Percent reduction in PEVD - progeny for 
reference sire = 10 
50 
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Relationships appear ineffective in Table 8 and the 
associated Figure 25 at low progeny nuMbers for sire 9. 
This is due to large genetic group .fixed effect variances at 
these low progeny nu•bers. A dumay sire with 500 progeny 
vas added to each genetic group to preclude the 
overshadowing of the relationships• influence at low progeny 
numbers. Most genetic groups are defined as birth year of 
sire meaning that each genetic group will have an enormous 
number of progeny records. This should have the effect of 
reducing genetic group variances. The remainder of the 
tables and figures presented uses a dummy sire with 500 
progeny in each of the four genetic groups. 
TABLE 9. PEVD for reference sire and sire 9, progeny for 
reference = 5 
------------------------------------------------------------
Number of 
progeny 
for bull 
Relationship matrix type 
no rel. bull/sire bull/sire/~GS bull/sire/~GS/MMGS 
------------~-----------------------------------------------
1 16.832 16.472 16.380 16.357 
2 15.881 15.582 15.505 1S.lJ85 
3 15.180 14.925 14.859 14.8lJ2 
4 14.639 14.418 14.360 14 .3lJS 
5 14.207 14.013 13.962 13.949 
7 13.557 13.403 1 3. 36 2 13.351 
10 12.900 1 2. 78 5 12. 75lJ 1 2. 746 
15 12.228 12.151 12.1 30 12.125 
20 11.813 11.759 11.743 11.739 
50 10.864 1 0. 84 9 10.845 10.843 
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~IGURE 26. Percent reduction in PEVD - progeny for 
reference sire = 5 
50 
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TABLE 10. PEVD for reference sire and sire 9, progeny for 
reference = 10 
------------------------------------------------------------
Number of 
progeny 
for bull 
1 
2 
3 
4 
5 
7 
10 
15 
20 
50 
Relationship matrix type 
no rel. bull/sire bull/sire/~GS bull/sire/~GS/MMGS 
11.832 
10.881 
10.180 
9.639 
9.207 
8.557 
7.899 
7.227 
6. 813 
5.864 
11.472 
1 0. 5 82 
9.925 
9.418 
9.013 
8.403 
7.785 
7.1 51 
6.757 
5.848 
11.380 
10.505 
9.859 
9.360 
8.962 
8.362 
7.754 
7.130 
6.743 
5.845 
11.356 
10.Q85 
9.841 
9.345 
8.948 
8.351 
7.746 
7.125 
6.739 
5.843 
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reference sire = 10 
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TABLE 11. PEVD for reference sire and sire 9, progeny for 
reference = 20 
------------------------------------------------------------
Relationship matrix type Number of 
progeny 
for bull no rel. bull/sire bull/sire/MGS bull/sire/MGS/MMGS 
1 
2 
3 
4 
5 
7 
10 
15 
20 
50 
9.332 
8.381 
7.680 
7.139 
6.707 
6.057 
5.399 
4.727 
4.313 
3.363 
8.971 
8.081 
7.425 
6.918 
6.512 
5.903 
5.285 
4.651 
4.258 
3.348 
8.880 
8.005 
7.359 
6.860 
6.461 
5.862 
5.254 
4.630 
4.243 
3.344 
Percent reduction in PEVDs due to including 
8.856 
7.985 
7.342 
6.844 
6.448 
5.851 
5.246 
4.624 
4.239 
3.343 
relationships is largest for the cases where the number of 
progeny for sire 9 is low (less than 10) and the reference 
sire has 20 progeny per contemporary group. Even in this 
region, however, improvements to PEVD are less than 5 
percent. Using a bull/sire/MGS relationship versus a 
bull/sire relationship accounts for less than 1 percent of 
the improvement. 
Figure 29 shows a composite parametric chart that 
includes reference sire progeny numbers varied 
parametrically with the number of progeny for sire 9. Sire 
9 is tied to two other bulls by a bull/sire/~GS relationship 
matrix for this figure where both his sire and MGS have 20 
progeny records in the evaluation. Points that can be 
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inferred fro• this chart include: 
1. The greatest amount of improve•ent in PEVD occurs 
at low progeny numbers for sire 9 as numbers of 
progeny per contemporary group for the reference 
sire is increased. 
2. Little improvement can ever be made by increasing 
reference sire progeny numbers per contemporary 
group beyond 20. 
3. Reference sire progeny numbers of no more than 5 
per contemporary group would be required if sire 
9 had 20 or more progeny records. 
Summary 
Part Two compares three different relationship matrices 
on reduction of prediction error variance of the difference 
(PEVD) between two sires in a hypothetical mixed model sire 
evaluation. The model includes contemporary and genetic 
group fixed effects as well as random sire effects. The 
relationships addressed in Part Two include: bull/sire, 
bull/sire/MGS, and bull/sire/MGS/MMGS. Percent reductions 
in PEVD are computed for each relationship matrix when 
compared to a no-relationship case. The PEVDs calculated 
are between a reference sire that ties all contemporary 
groups of the model together and a sire (referred to as sire 
9) that is tied by the relationships to other sires in the 
~ 
~ p... 
c 
·r-1 
§ 
·r-1 
~ 
~ 
Q) 
~ 
~ 
aJ 
c.J 
~ 
p.. 
6 
5 
4 
3 V) 
2 
1 
Nu:nber of 
Progeny 
Nu::nber of progeny for 
reference sire 
Bull 
for 
FIGURE 29. Paraaetric affect in percent reduction of PEYD 
"' '1-C) 0 
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evaluation model. 
The largest reducti~n in PEVD occurs when sire 9 has 
few progeny records (less than 10) and when the reference 
sire has 20 or more progeny records per contemporary group. 
Percent reductions in PEVD vary from less than 5 percent to 
a little less than 1 percent as progeny numbers for sire 9 
increase to 50. The number of progeny for each relative of 
sire 9 is 20 for this range in percent reductions. The 
relationship showing the most influence on PEVD is the 
bull/sire/MGS/MMGS relationship, and the bull/sire 
relationship shows the least. However, the difference 
between each of the these relationships is less than 1 
percent. The bull/sire/MGS relationship influence on PEVD 
compares almost identically with the influence of the 
bull/sire/MGS/MMGS relationship. Based upon the results of 
the mixed model used in this analysis, there is little 
justification in using the MMGS in beef sire mixed model 
evaluations to help improve prediction accuracy. 
A major difference is seen in the influence of 
relationships on prediction accuracy when comparing the 
results of Part One with those of Part Two. The analysis of 
Part One, using a one-~ay random model, indicates that 
percent reductions in prediction error variance of 5-18 
percent are possible. Whereas, the mixed model of Part Two 
shows less than 5 percent reductions occur in PEVDs when 
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including relationships. The inclusion of fixed genetic 
group effects appears to have a major influence on 
prediction accuracy. 
Theoretically. the use of relationships should drive 
genetic group solutions to zero (Henderson. 1973). It 
follows that genetic groups aay not need to be included in 
mixed model equations when relationships are also included. 
Analysis of actual beef sire data needs to be performed that 
would address this point. If the genetic group solutions 
tend to zero when relationships are included. then inclusion 
of them in the model results in an inaccurate assessment of 
prediction accuracy. 
Accuracy of prediction is a key element in sire 
evaluation. According to Willham (1974). another key 
element is the expansion of the number of sires that can be 
fairly compared. There are some bulls that have no progeny 
in the same contemporary group with other bulls and there 
are cases where only a few bulls are tied together and not 
to the majority of bulls in the evaluation. These bulls 
cannot be included in the sire evaluation. Relationship 
ties may offer a solution to the problem as well as a way to 
strengthen ties between bulls that are tied through 
contemporary groups. Therefore. Part Three of the thesis 
investigates the use of relationship. reference sire, and 
contemporary group ties in sire evaluation. 
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PART III. COVARIANCE TIES BETWEEN BULLS 
Introduction 
Beef national sire evaluation has a goal of expanding 
the number of sires that can be fairly compared on breeding 
value differences from all sources of information (Willham, 
1974). Fair comparisons among large numbers of bulls on 
their own performance are difficult unless the bulls are 
tested together in the same contemporary group. This is 
because differences among groups can exist. Differences are 
due in part to genetic differences, but are due primarily to 
environmental differences (Willham, 1979). 
It is physically impossible for all bulls to have 
progeny in the same contemporary group. A reference sire 
system is one of the best ways to tie bulls together. This 
system is a common method used in all national sire 
evaluation programs for comparing sires (Guidelines for 
Uniform Beef Improvement Programs, 1981). The reference 
sire establishes ties between different bulls in the 
evaluation. These ties can be regarded as covariance ties 
when considered in the context of mixed model evaluation. 
Sires in an evaluation can also have covariance ties from at 
least two other sources, contemporary group chained ties and 
relationship ties. 
Types of ties between bulls can be categorically broken 
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into two groups: direct ties and indirect ties. Direct ties 
exist between two bulls when they have progeny in the same 
contemporary group. Two bulls that each have progeny in a 
contemporary group with a third bull are tied indirectly 
when they themselves have no progeny in the same 
contemporary group. Indirect ties between bulls can appear 
when a relationship variance-covariance matrix is added to 
the sire equations. Indirect ties also arise between sires 
chained together with a series of direct contemporary group 
ties. Strength of tie within each category is variable and 
of interest to the evaluator when trying to determine 
guidelines to use in assessing whether a bull is 
sufficiently tied with other bulls to be included in the 
listing of bulls that are fairly compared. 
The purpose of Part Three is to analyze the nature of 
the possible types of ties that exist between bulls in terms 
of their influence on accuracy of prediction. Prediction 
error variance of the difference (PEVD) between two sires is 
the criterion used to assess these ties. Three basic 
analysis models are each characterized by a distinct type of 
tie: 
1. Reference sire indirect tie model, 
2. Direct and chained tie model, and 
3. Relationship matrix tie model. 
95 
Materials and Methods 
The three basic mixed models developed to investigate 
bull ties are derived from a aathematical expression that 
includes contemporary group fixed effects and random sire 
effects. The model does not include genetic group fixed 
effects. After absorption of contemporary group effects 
into the sire submatrix, the inverse of the coefficient 
matrix is obtained. The inverse provides the necessary 
elements to compute prediction error variance of the 
difference (PEVD) between two sires. The inverse also 
provides information on the number of covariance ties 
between bulls and the strength of the ties. The number of 
ties can be determined by counting the filled off-diagonal 
elements of the inverse. The strength of tie can be 
addressed on a relative basis by looking at the numerical 
magnitude of the covariance terms. 
The general mathematical expression for the models is 
given by the following equation: 
where, 
y (ijk) = h (i) + s (j) + e (ijk) 
y (i jk) 
h (i) 
s (j) 
e (i jk) 
= 
= 
= 
= 
an . adjusted weaning weight record 
fixed effect common to records made in 
the i-th contemporary group plus 
population mean 
a random effect associated with the 
j-th sire. N(0.~2) 
random error associated with the k-th 
.(53) 
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calf of sire j in contemporary group i. 
NID (0 ,df) 
Before absorption of contemporary group effects, h(i), 
the aixed model equations are of the form: 
[
x •x 
z•x 
X'Z 
= fx 'y] Z'y (54) Z'Z 
A generalized inverse of the coefficient matrix of 
equation (54) is used to calculate the PEVD between any two 
sires in the evaluation model. PEVD is determined in the 
same manner as is used in Part Two of this thesis on page 
82. 
The reference sire indirect tie model is coaposed of a 
set of six conte•porary groups that are tied by a comaon 
sire. The number of progeny for sires in their own 
respective contemporary group is varied equally from 1 to 
60. The reference sire's progeny nu•ber in each 
contemporary group is varied parametrically with the other 
progeny numbers from 1 to 60. The total number of progeny 
in each contemporary group is the saae for all groups. 
Table 12 shows how the sires are assigned to the groups. 
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TABLE 12. Reference sire indirect tie aodel 
============================================================ 
Progeny location for each sire 
Contemporary ----------------------------------------------
Groups sref 51 52 53 54 55 56 
1 NR N1 0 0 0 0 0 
2 NR 0 N2 0 0 0 0 
3 NR 0 0 N3 0 0 0 
4 NR 0 0 0 N4 0 · 0 
5 NR 0 0 0 0 NS 0 
6 NR 0 0 0 0 0 N6 
This model allows for 
computing the PEVD between two sires that may have either 
direct or indirect ties. Sires with progeny in the same 
contemporary group have direct ties. Sire 1, used in all 
PEVDs, has one direct tie. All of the other sires have two 
direct ties. Sires chained by interaediate directly tied 
sires have indirect ties. Table 13 clarifies the 
distinction between direct and indirect chained ties. Sires 
1 and 2 have direct ties, whereas, sires 1 and 3 have 
indirect ties. The total nuaber of progeny for each sire 
varies equally from 1 to 50. Sires 2 through 6 have progeny 
divided equally between the two groups in which they are 
represented. 
The model is set up 
identically to the one shown in Table 13. The only 
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TABLE 13. Chain tie model - one direct tie-equal numbers 
------------------------------------------------------------
Contemporary 
Group 
1 
2 
3 
4 
5 
6 
51 
N1 
0 
0 
0 
0 
0 
Progeny location for each sire 
52 53 54 55 
N2 0 0 0 
N2 N3 0 0 
0 N3 N4 0 
0 0 N4 NS 
0 0 0 NS 
0 0 0 0 
difference is that sire 3 has a single progeny in 
56 
0 
0 
0 
0 
N6 
N6 
contemporary groups 2 and 3 while the number of progeny for 
the other sires varies from 1 to SO. The intent is to 
determine what effect. if any. occurs in the PEVD between 
two sires. such as sires 1 and 6. 
The purpose of 
this model is to see what happens to PEVD between two sires 
when an off-diagonal element is added to the sire equations. 
This model expands the contemporary group definition shown 
in Table 13 to include six •ore sires. Each of of these six 
sires has progeny in common with one of the original six 
sires. The original chain ties between sires 1 through 6 
are the same as before. The total number of progeny for 
each sire is equal to the total number for any other sire. 
Sire 1 has two direct ties. and sires 2 through 6 have three 
direct ties. Table 14 indicates the design of this model. 
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Progeny numbers for each sire vary equally between 2 and 50. 
TABLE 14· Chain ties - one added direct tie 
============================================================ 
Progeny location for each sire 
Contemporary -----------------------------------------------
Group 51 52 53 54 55 56 57 58 59 510 511 512 
------------------------------------------------------------
1 Nl N2 0 0 0 0 0 0 0 0 0 0 
2 0 N2 N3 0 0 0 0 0 0 0 0 0 
3 0 0 N3 N4 0 0 0 0 0 0 0 0 
4 0 0 0 N4 N5 0 0 0 0 0 0 0 
5 0 0 0 0 NS N6 0 0 0 0 0 0 
6 0 0 0 0 0 N6 0 0 0 0 0 0 
7 N1 0 0 0 0 0 N7 0 0 0 0 0 
8 0 N2 0 0 0 0 0 N8 0 0 0 0 
9 0 0 N3 0 0 0 0 0 N9 0 0 0 
10 0 0 0 N4 0 0 0 0 0 N10 0 0 
11 0 0 0 0 NS 0 0 0 0 0 Nll 0 
12 0 0 0 0 0 N6 0 0 0 0 0 N12 
------------------------------------------------------------
Table 15 extends 
the previous model to three direct ties for sire 1. This 
model ties each of the other original five sires directly to 
four other sires. Progeny numbers for each sire are varied 
equally from 3 to 50. Total number of proge~y for each sire 
is equal to the total number for any other sire. 
The key elements explored in the relationship tie 
matrix model are the additional indirect ties that result 
from adding in a numerator relationship matrix. Table 16 
defines the contemporary groups for the relationship tie 
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TABLE 15. Chain ties - two added direct ties 
=========================================~================== 
Contemporary 
Group 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
51 
N1 
0 
0 
0 
0 
0 
Nl 
0 
0 
0 
0 
0 
Nl 
0 
0 
0 
0 
0 
Progeny location of sires 
52 53 54 55 56 
N2 0 0 0 0 
N2 N3 0 0 0 
0 N3 N4 0 0 
0 0 N4 N5 0 
0 0 0 NS N6 
0 0 0 0 N6 
0 0 0 0 0 
N2 0 0 0 0 
0 N3 0 0 0 
0 0 N4 0 0 
0 0 0 NS 0 
0 0 0 0 N6 
0 0 0 0 0 
N2 0 0 0 0 
0 N3 0 0 0 
0 0 N4 0 0 
0 0 0 NS 0 
0 0 0 0 N6 
model. Sires 3 and 4 have sire 5 as a common ancestor. One 
case assumes sire 5 to be the sire of both sires 3 and 4. 
The other case assumes sire 5 to be the maternal grandsire 
of sires 3 and 4. Without a relationship matrix, sires 1, 
2, 3 and 4 would not be tied in any fashion to sires 5 and 
6. The number of progeny for sires 1, 2, 3, 4 and 6 varies 
equally from 1 to 50. The number of progeny for sire 5 
varies from 1 to 50, and parametrically with the other sire 
progeny numbers. 
1 01 
TABLE 15. (continued) 
------------------------------------------------------------
Progeny location of sires 
Contemporary -----------------------------------------------
Group 57 58 59 510 511 512 51 3 514 515 516 517 518 
------------------------------------------------------------
1 0 0 0 0 0 0 0 0 0 0 0 0 
2 0 0 0 0 0 0 0 0 0 0 0 0 
3 0 0 0 0 0 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 0 0 0 0 
7 N7 0 0 0 0 0 0 0 0 0 0 0 
8 0 NB 0 0 0 0 0 0 0 0 0 0 
9 0 0 N9 0 0 0 0 0 0 0 0 0 
10 0 0 0 N10 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 N11 0 0 0 0 0 0 0 
12 0 0 0 0 0 N12 0 0 0 0 0 0 
1 3 0 0 0 0 0 0 N1 3 0 0 0 0 0 
14 0 0 0 0 0 0 0 N14 0 0 0 0 
1 5 0 0 0 0 0 0 0 0 N15 0 0 0 
1 6 0 0 0 0 0 0 0 0 0 N16 0 0 
17 0 0 0 0 0 0 0 0 0 0 N17 0 
18 0 0 0 0 0 0 0 0 0 0 0 NlB 
------------------------------------------------------------
Results and Discussion 
An examination of the PEVD between two sires when 
subjected to different ties allows comparisons to be made 
between the different sire tie models. The present study 
assumes that if PEVD increases, accuracy of prediction 
decreases. 
Tables 17-22 and 24 present the PEVD between sires for 
each of the models. Plots of percent reduction in PEVDs 
illustrate the trends associated with increasing progeny 
numbers. In addition, a sample sire variance-covariance 
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TABLE 16. Relationship matrix tie aodel 
-----------------------------------------------------------
Contemporary 
Group 51 
Progeny location of sires 
52 531 55 56 
-----~-----------------------------------------------------
1 N1 0 N3 0 0 0 
2 0 N2 0 N4 0 0 
3 0 0 N3 0 0 0 
4 0 0 0 N4 0 0 
5 0 0 0 0 NS N6 
6 0 0 0 0 0 N6 
l5ires 3 and 4 have sire 5 as a com•on ancestor. 
matrix indicates the relative magnitude of the covariance 
terms that exist between the sires. 
Table 17 lists the PEVD for any two sires in the 
reference tie model. Figure 30 depicts graphically the 
percent change in PEVD. Percent reduction in PEVD is 
determined when the reference sire has 2, 3, etc. progeny in 
each contemporary group as compared to the case of only 1 
progeny for the reference sire. Percent reduction in PEVD 
as a function of number of progeny for the reference sire 
plateaus at an ever increasing number of progeny for each of 
the other sires in the model. When the reference sire has 
low progeny numbers (2-5), little reduction in PEVD is 
gained by increasing numbers of progeny for each sire much 
beyond 10. 
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TABLE 17. PEVD between any two sires under reference sire 
model 
------------------------------------------------------------
Number of 
progeny Nuaber of progeny for reference sire 
for each ---------------------------------------------------
sire 1 2 3 4 5 1 0 15 20 30 
1 7.794 7.694 7.645 7.616 7.596 7.537 7.531 7.523 7.520 
2 7.694 7.502 7.391 7.319 7.268 7.145 7.095 7.068 7.040 
4 7.616 7.318 7.120 6.978 6.872 6.585 6.457 6.384 6.305 
6 7.583 7.231 6.978 6.789 6.641 6.219 6.018 5.901 5.770 
10 7.553 7.145 6.832 6.584 6.384 5.770 5.456 5.264 5.043 
14 7.539 7.102 6.757 6.476 6.245 5.506 5.109 4.863 4.571 
20 7.529 7.068 6.694 6.384 6.723 5.264 4.784 4.478 4.110 
40 7.516 7.025 6.614 ~.263 5.961 4.919 4.303 3.897 3.393 
60 7.511 7.009 6.585 6-218 5.901 4.784 4.110 3.659 3.093 
Equations (55) and (56) correspond to the sample z•sz 
submatrix of the coefficient matrix and its inverse. The 
reference sire has 4 progeny in each contemporary group. 
Each of the other sires has 10 progeny total. Equations 
(57) and (58) correspond to the case in which the reference 
sire still has 4 progeny, but the other sires have 50 
progeny total in their conte•porary group. The covariance 
terms are altered very little with the addition of the QO 
progeny. 
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5REF 51 52 53 54 55 56 
29.473 -2.857 -2.857 -2.857 -2.857 -2.857 -2.857 
15.187 0 0 0 0 0 
15.187 0 0 0 0 
Z'5Z = 15.187 0 0 0 
15.187 0 0 
15.187 0 
15.187 
(55) 
5REF 51 52 53 54 55 56 
.03810 .00717 .00717 .00717 .00717 .00717 .00717 
.. 06719 .00135 .. 00135 .00135 .00135 .00135 
.06719 .00135 .00135 .00135 .00135 
z•sz-1= .06719 .00135 .00135 .00135 
• 06 719 .00135 .00135 
.06719 .00135 
.06719 
(56) 
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5REF 51 52 53 54 55 56 
34.552 -3.704 -3.704 -3.704 -3.704 -3.704 -3. 704 
16.034 0 0 0 0 0 
16.034 0 0 0 0 
Z'5Z = 16.034 0 0 0 
16.034 0 0 
16.034 0 
16.034 
(57) 
5REF 51 52 53 54 55 56 
.03399 .00785 .00785 .00780 .00785 .00785 .00785 
.06418 • 00181 .00181 .00181 • 00181 .00181 
.06418 .00181 .00181 • 001 81 .00181 
Z'5z-1= .06418 • 00181 • 00181 .00181 
.06418 • 001 81 .00181 
.06418 .00181 
.06418 
(58) 
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]1~1 ~nd £ha!ft !i~ ~~~! 
£h~ift !i~2 = ~gyA! ££2S~ni The PEVDs between two 
sires in the basic chain tie aodel are shown in Table 18. 
As progeny numbers per sire are added, there is a major 
reduction in the PEVD between sires 1 and 3. As sires 
become further removed from each other, the influence on 
PEVD of adding progeny becomes less and less. The 
decreasing impact on PEVD is depicted graphically in Figure 
32. The percent reduction for each line in Figure 32 uses 
the case of one progeny per sire as a reference point. Note 
that in actuality, sires 2 through 6 could never have just 
one record. However, the assumption of one progeny per sire 
is mathematically feasible and serves as a basis from which 
to compare all other cases. 
The Z'SZ matrix given by equation (59) is for the case 
where all sires have a total of 10 progeny. The 
corresponding inverse is given by equation (60). The Z'SZ 
ma trix given by equation (61) is for the case where all 
sires have a total of 50 progeny. The corresponding inverse 
is given by equation (62). As the number of progeny 
increase from 10 to 50 in this model, covariance ties do 
increase in magnitude. Sires 1 and 6, however, are so far 
removed that no covariance tie between them exists. 
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TABLE 18. PEVD under chain tie aodel 
===============~============================================ 
Number PEV of difference 
of ----------------------------------------------------
progeny (51 - 52) (51 - 53) (51 - 54) 
1 
2 
4 
6 
10 
15 
20 
40 
60 
7.623 
7.195 
6.475 
5.893 
5.006 
4.359 
3.661 
2.405 
1.799 
11.670 
11.221 
10.436 
9.769 
8.696 
7.864 
6.911 
5.035 
4.042 
1 5. 7 25 
15.275 
14.484 
13.807• 
12.697 
11.817 
10.778 
8~614 
7.387 
(51 - 55) (51 - 56) 
19.780 
19.331 
18.540 
17.864 
16.758 
15.879 
14.·841 
12.660 
11.404 
23.91 5 
23.538 
22.880 
22.320 
21.409 
20.690 
19.841 
18.040 
16.962 
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51 52 53 54 55 56 
15.633 -3.333 0 0 0 0 
18.163 -2.500 0 0 0 
Z'5Z = 17. 3 30 -2.500 0 0 
17.330 -2.500 0 
17.330 -2.500 
14.830 
(59) 
51 52 53 54 55 56 
.06649 • 01246 .00184 0 0 0 
.05853 .00863 .00127 ·o 0 
.06023 .00888 .00131 0 
z•sz-• = .06027 .00891 .001 50 
.06046 .01019 
.06915 
(60) 
Z'5Z = 
z•sz-• = 
51 52 
28.997 -16.670 
111 
53 
0 
41.497 -12.5000 
54 
0 
0 
37.330 -12.500 
ss 
0 
0 
0 
56 
0 
0 
0 
37.330 -12.500 0 
37.330 -12.500 
24.830 
(61) 
51 52 53 SIJ 55 56 
.04667 .02120 .00816 .00316 .00127 0 
.03689 .01419 .00549 .00221 .00111 
.o 36 24 .01403 .00565 .00281 
.03639 .01466 .00738 
.03812 .01919 
.04994 
(62) 
Table 19 gives the 
PEVD for the chain tie model for the case when sire 3 only 
has two progeny. Sire 3 has one progeny record in each of 
the groups where it is represented. Comparisons of Table 19 
and Table 9 suggest that this weak link, few progeny for an 
intervening sire, has little impact upon the PEVD between 
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sire 1 and any other sire in the model. 
TABLE 19. PEV of difference under chain model - unequal 
progeny 
------------------------------------------------------------
Number PEV of difference 
of ----------------------------------------------------
progeny (51 - 52) 
1 
2 
4 
6 
10 
14 
20 
40 
60 
7.600 
7.195 
6.533 
5.997 
5 •. 161 
4.533 
3.835 
2.536 
1.895 
(51 - 53) J (51 - 54) 
11.645 
11.221 
10.521 
9.949 
9.055 
8.382 
7.632 
6.236 
5.546 
1 5. 7 25 
15.275 
14.487 
13.818 
12.743 
11.913 
10.969 
9.134 
8.178 
(51 - 55) (51 - 56) 
19.780 
19.331 
18.543 
17.875 
16.802 
15.975 
15.035 
13.21 2 
12.266 
23.91 5 
23.538 
22.882 
22.331 
21.455 
20.789 
20.045 
18.654 
17.966 
-----------------------------------------·------------------
J5ire 3 has constant number of progeny = 2. 
Table 20 
shows the PEVD between sires in the chain tie model when 
each sire has progeny in an additional contemporary group. 
There is one other sire with progeny in this added group. 
The resulting effect is to add an off-diagonal element to 
each sire's equation. 
Figure 33 graphically depicts the percent reduction in 
PEVD between sires as progeny numbers increase. Adding the 
additional direct tie has the most impact on those sires 
separated the furtherest in the chain. The added tie also 
brings more of the PEVDs in line with the PEVDs obtained 
with the reference sire model. 
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TABLE 20. Chain tie model - one added direct tie 
=========================================================== 
PEV of diff~rence 
Number of -------------------------------------------------
progeny (51 - 52) (51 - 53) (51 - 54) (51 - 55) (51 - 56) 
2 
3 
6 
9 
12 
18 
24 
36 
48 
60 
7.221 
6.856 
5.980 
s. 331 
4.827 
4.092 
3.577 
2.894 
2.453 
2.141 
11.113 
10.667 
9.574 
8.793 
8.058 
7.0LJ6 
6.312 
5.302 
LJ.627 
LJ.136 
15.016 
14.50LJ 
1 3. 2 28 
12. 23LJ 
11.LJ33 
10.211 
9.313 
8.061 
7.211 
6.586 
1 8. 91 9 
18.339 
16.887 
15.7LJ9 
1LJ.827 
13.LJ15 
12.37LJ 
1 0. 91 9 
9.934 
9.211 
22.919 
22.311 
20.780 
19.570 
18.58LJ 
17.066 
15.9LJ6 
1LJ.371 
1 3. 309 
12.533 
Equation (63) is the Z'5Z •atrix. and equation (64) is 
the corresponding portion of the inverse of Z'5Z. These 
equations represent the case where all sires have a total of 
10 progeny. Equations (65) and (66) represent the case 
where each sire has a total of 50 progeny. The equations 
list only the portion of the z•sz matrix and its inverse 
that correspond to the original six sires. 
One would expect the number of covariance ties in these 
equations to be at least as great or greater than the number 
of ties in the simple chain tie model. The point to note 
here is that each sire has his progeny divided between three 
contemporary groups as opposed to two as in the simple chain 
model. This reduces the strength of ties between any two 
bulls being compared. 
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51 52 53 54 55 56 
17.663 -2.000 0 0 0 0 
1 8. 49 7 -1.667 0 0 0 
Z'5Z = 18.163 -1.667 0 0 
18.163 -1.667 0 
18.163 ... 1.667 
16.4 97 
(6 3) 
51 52 53 54 55 $6 
.05977 .00667 0 0 0 0 
.05656 .oos 36 0 0 0 
z•5z-1 .05738 .00544 0 0 
.057 39 .00544 0 
.05743 .00595 
.06282 
(64) 
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52 52 53 54 55 56 
36.997 -10.000 0 0 0 0 
43.163 -6.333 0 0 0 
Z'5Z = 41.497 -6.333 0 0 
41.497 -6.333 0 
41.q97 -6.333 
41.497 
(6 5) 
51 52 53 54 55 56 
.03766 .01064 .00273 0 0 0 
.03167 .00602 .00202 0 0 
z•5z-1 = .03223 • 00 812 .00207 0 
.03228 .00825 .00256 
.03276 .01016 
.oqo31 
(66) 
117 
Table 21 lists the 
PEVD between two sires when two direct ties have been added 
to each of the original six sires. The addition of another 
direct tie indicates little improvement over the case of one 
direct tie except for the sires furtherest re•oved in the 
chain. Figure 34 graphically depicts the percent reduction 
in PEVD between sires as progeny numbers increase. Sample 
Z'SZ and z•sz-s submatrices are not presented for this case. 
TABLE 21. Chain tie model- two added direct ties 
=========================================================== 
PEV of difference 
Number of -------------------------------------------------
progeny (51 - 52) (51 - 53) (51 - 54) (51 - 55) (51 - 56) 
3 
4 
8 
12 
16 
24 
36 
40 
48 
60 
6.827 
6.498 
5.488 
4.792 
4.281 
3.575 
2.923 
2.766 
2.507 
2.215 
10.526 
10.094 
8.739 
7.776 
7.052 
6.030 
5.063 
4-826 
4.434 
3.984 
14.236 
13.709 
12.034 
10.828 
9.914 
8.611 
7.367 
7.062 
6.554 
5.973 
17.94 7 
17.323 
15.332 
13.888 
12.788 
11 • 21 3 
9.705 
9.335 
8.721 
8.019 
21.756 
21.060 
1 a. 822 
17.185 
1 5. 9 30 
1 4 .1 25 
12.392 
11.966 
11.262 
10.461 
Considering the PEVD between sires 1 and 6 as a point 
of reference, Figure 35 shows the comparison between the 
three variations of the chain tie model. The first added 
direct tie adds a greater amount of reduction than does the 
second. None of the chain tie models considered yield a 
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PEVD between sires 1 and 6 comparable to PEVDs between sires 
used in a reference sire systea. 
If all sires were linked by no more than two 
intermediate sires, and each sire vas directly compared with 
three other sires, then a chain tie aodel could be used to 
tie sires together. Each sire would have to have at least 
thirty-six progeny in each contemporary group to yield PEVDs 
equivalent to a reference sire system. 
B~!A1!2n~hi~ 1!~ •2~~1 
~lll~i£g relation~hi~ ~Qdel Table 22 gives the 
PEVD between two sires for the relationship tie model. The 
common ancestor, sire 5, has d constant number of progeny 
equal to 20. The data indicate that the numerator 
relationship matrix has a profound effect upon tying sires 
together. Consider the PEVD between sires 1 and 6. Neither 
are related, and neither have progeny in the same 
contemporary group. However, their PEVD is of the same 
magnitude as the PEVDs for any two sires in the reference 
sire tie model. The PEVD between sires 1 and 6 is also of 
the same magnitude as two sires having progeny in the same 
contemporary group, su~h as sires 1 and 3. 
Figure 36 graphically depicts the percent reduction in 
PEVD between sires as the number of progeny for each sire 
increases. The reason percent reduction is largest for 
sires 1 and 3 is because of their direct tie and the added 
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influence that the relationship tie sire 3 has with sire 5. 
Sire 1 is not directly tied with any other sire and the 
resulting ties are caused by the added relationship. 
TABLE 22. PEVD under a bull/sire relationship model 
------------------------------------------------------------
PEV of difference 
Number of --------------------------------------------------
Progeny (51 - 52) (51 - 53) (51 - 54) (51 - 55) (Sl - 56) 
------------------------------------------------------------
1 7.902 7.457 7.665 6.847 7.854 
2 7.715 7.103 7.498 6.656 7.627 
3 7.544 6-782 7.348 6.483 7.425 
4 7.389 6.488 7.209 6.324 7.243 
5 7.247 6.218 7.082 6.179 7.079 
10 6.987 5.151 6.574 5.599 6.438 
15 6.294 4.396 6.211 5.187 5.994 
20 6.004 3.833 5.941 4.879 5.665 
30 5.602 3.053 5.562 4.451 5.209 
50 5.150 2.169 5-130 3.964 4.693 
122 
70 ( Sl-S3 ) 
60 
( Sl-SS )* 
so 
( Sl-S6 ) ~ 
~ 
~ 
I:! 
·r-1 Lt() 
8 
·r-1 
~ 
0 .g 
Q.) 
H 
~ 30 g 
CJ ( Sl-S4 ) ~ 
~ 
20 
10 
~'<Sire 5 has a constant number of progeny = 20 
10 20 30 40 
Total number of progeny for each sire 
FIGURE 36. Percent reduction in PEVD under bull/sire 
relationship tie model 
so 
123 
Table 23 lists four sa•ple variance-covariance matrices 
selected for the relationship tie model. The key term to 
consider is the covariance term for sires 1 and 6 under each 
of the different cases. Increasing the number of progeny 
for sire 5 (the ancestor of sire 1) while holding constant 
progeny numbers for the other sires has little effect upon 
this covariance term. On the other hand. when the number of 
progeny for all the other sires is increased to so. the 
covariance term increases threefold. Sire 5 becomes a link 
that allows progeny fro~ all sires to be used collectively 
in increasing the magnitude of covariance ties. 
TABLE 23. Variance-covariance matrix samples - relationship 
model 
============================================================ 
Number of Total number of progeny for sires 1. 2. 3. q & 6 
progeny for ------------------------------------------------
sire 5 10 50 
------------------------------------------------------------
10 
50 
Case (a) 
Case (c) 
Case (b) 
Case (d) 
------------------------------------------------------------
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Case (a) : 
51 52 53 54 ss 56 
15.663 0 -3.333 0 0 0 
1 5. 6 3 0 -3.333 0 0 
Z'5Z = 21.828 6.165 -12.330 0 
21.828 -12.330 0 
27.993 -3.333 
15.663 
(67) 
51 52 53 54 55 56 
.06676 -.00010 .01371 -.00050 .00596 .00127 
.06676 -.00050 .01 371 .00596 .00127 
Z I 5Z -1 = .06442 -.00250 .02800 .00596 
.06442 .02800 .00596 
.06196 .01319 
.06665 
(68) 
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Case (b) : 
51 52 53 54 55 56 
28.997 0 -16.670 0 0 0 
28.997 0 -16.670 0 0 
Z'5Z = 35.162 6.165 -12.330 0 
35.162 -12.330 0 
31.803 -7.143 
19.473 
(69) 
51 52 53 54 55 56 
.05074 -.00080 .02828 -.00130 .01139 .00418 
.05074 -.00130 .02828 .01139 .00418 
Z I 5Z -1 = .04919 -.00230 .01881 .00727 
.04919 .01981 .00727 
.05101 .01871 
.05822 
(70) 
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Case (c) : 
51 52 53 54 55 56 
15.663 0 -3.333 0 0 0 
15.63 0 -3.333 0 0 
Z'5Z = 21.828 6.165 -12.330 0 
21.828 -12.330 0 
41.327 -16.673 
28.997 
(71) 
51 52 53 54 55 56 
.0661W -.00020 .01312 -.00110 .00467 .00268 
.06640 -.00110 .01312 .00467 .00268 
z•5z-s = .06167 -.00520 .02193 .01261 
.06167 .02193 .01261 
.Oil854 .02790 
.05052 
(72) 
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Case (d) : 
51 52 53 54 55 56 
28.997 0 -16.670 0 0 0 
28.997 0 -16.670 0 0 
Z'5Z = 35.162 6.165 -12.330 0 
35.162 ~12.330 0 
41.327 -16.670 
28.997 
(73) 
51 52 53 54 55 56 
.05044 -.00110 .02776 -.00180 .01007 .00579 
• 050t.PJ -.00180 .02776 .01007 .00579 
z •5z-1 = .04830 -.00320 .01752 .01007 
.04830 .01752 .01007 
.04511 .02593 
.04939 
(74) 
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Table 24 lists the 
PEVDs between sires when considering sire 5 as a MGS of 
sires 3 and 4. Similar to the bull/sire relationship tie 
model, this model has a major influence upon covariance ties 
between bulls that otherwise would not be tied in any 
manner. Figure 37 graphically depicts the percent reduction 
in PEVD between sires as the number of progeny for each sire 
{except sire 5) increases. The number of progeny for sire 5 
is held constant at 20 progeny. Sires 1 and 3 show the most 
improvement in reduction of PEVD because they have the 
advantage of direct ties as well as the influence of a 
relationship tie between sires 3 and 5. Sample variance-
covariance matrices are not presented for this case because 
of their similarity to the bull/sire model. 
Summary 
Part Three investigates three different methods of 
tying bulls together in a sire evaluation. These methods 
include: reference sire ties, direct and indirect 
contemporary group ties, and relationship ties. Prediction 
error variance of the difference (PEVD) between any two 
sires is used to compare these three aethods of tying bulls 
together. 
Indirect ties between bulls that arise from chained 
contemporary groups are only effective in yielding 
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TABLE 2q. PEVD under bull/maternal grandsire model 
------------------------------------------------------------
PEV of difference 
Number of --------------------------------------------------
Progeny (51 - 52) (51 - 53) {51 - 5Ll) (51 - 55) (51 - 56) 
1 
2 
3 
q 
5 
10 
15 
20 
30 
50 
7.902 
7.715 
7.54Ll 
7.389 
7.2Ll7 
6.687 
6.294 
6.004 
5.601 
5.150 
7.686 
7.305 
6.961 
6.648 
6.363 
5.2Ll3 
4.Ll60 
3.881 
3-082 
2.18q 
7.89Ll 
7.701 
7.527 
7.369 
7.227 
6.666 
6.276 
5.988 
5.591 
5.144 
7.796 
7.527 
7.295 
7.092 
6.913 
6.255 
5.831 
5.533 
5.1Ll0 
4.719 
7.856 
7.634 
1.Ll39 
7.267 
7.112 
6.526 
6.134 
5.852 
5.472 
5.054 
comparable PEVDs to the reference sire method when the 
chains have no more than two intervening tie bulls, and when 
each bull has a total of more than 60 progeny. In the case 
of one intervening tie bull, each sire only requires a total 
of 15 progeny to yield comparable PEVDs to the reference 
sire method of ties. PEVDs between indirectly tied bulls 
are not influenced by the number of progeny records of the 
intervening group tying bulls. Adding direct contemporary 
group ties to each of two indirectly tied bulls (while 
maintaining a constant total number of progeny per bull) has 
very little influence on reducing the PEVD betw~en them. 
Bull/sire and bull/~G5 relationship matrices are used 
to evaluate the influence of relationships on ties between 
indirectly tied bulls and bulls that otherwise would not 
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have any ties. All of the PEVDs between bulls for both of 
these relationships were of similar •agnitude to those 
obtained with the reference sire method. This included 
PEVDs between sires unrelated and not tied in any manner 
except by each having progeny in contemporary groups tied b! 
two related sires. Use of relationships to tie bulls 
together in a sire evaluation appears to offer tremendous 
potential. Analysis of actual beef sire evaluation data is 
required to substantiate the findings of this study. 
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GENERAL SUMMARY 
The purposes of the thesis are to investigate how a 
relationship matrix can influence results obtained in a 
mixed model sire evaluation and to determine which 
relationships can be beneficial in improving prediction 
accuracy. Results are summarized for each of the three 
parts of the thesis. 
Inverse of Numerator Relationship Matrices 
The purpose of this part is to review the nature of the 
inverse of the numerator relationship matrix and to 
investigate the influence that it has upon mixed model sire 
evaluation solutions. Different relationships are also 
analyzed to determine which might have potential in 
improving prediction accuracy. 
A predictable pattern occurs to changes in the elements 
of an inverse of a numerator relationship matrix as 
variations of a basic pedigree are made. By dividing any 
given pedigree composed of directly related individuals into 
all of its variations. it is possible to develop a set of 
rules for directly writing down an inverse of the 
relationship matrix that defines any group of individuals 
for this given pedigree. Part One outlines a general 
technique for the procedure using a bull/sire/~GS/MMGS 
pedigree. Henderson (1975c) has done this for a 
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bull/sire/MGS pedigree. 
Improvements to prediction error variance (PEV) of a 
bull's predictor when using relationships in a simple one-
way random model showed 5-18 percent reduction in PEV over 
the no-relationships case. This model. however. does not 
included any contemporary group or sire genetic group fixed 
effects. The model is used primarily to determine how 
relationships influence prediction accuracy and breeding 
value predictors. For a bull with few progeny records {less 
than 20). use of relationships tying him to a sire with 20 
or more records has a major influence on the hull's 
predicted breeding value. As the number of records for the 
bull increased beyond 20, the influence of the bull's sire 
became considerably less. 
Using a bull/sire/"GS relationship without the dam is 
equivalent to a bull/sire/dam relationship when the dam has 
few progeny records. When the dam has 2 records in an 
evaluation, the MGS requires 15 records for an equivalent 
influence on PEV of the bull's predictor. When the dam has 
4 records, the MGS requires 400 progeny records. Under the 
assumption that few beef dams have more than three or four 
records in an evaluation and/or more than one son being 
evaluated as a sire, the study does no more with 
relationships including females. Three relationships 
selected for further analysis include: bull/sire, 
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bull/sire/MGS, and bull/sire/MGS/MMGS. 
A review of actual beef sire data is needed to 
determine how many females have 5 or more progeny records in 
an evaluation and/or more than one son being evaluated as a 
sire. With the advent of embryo transfers from superior 
females, it is likely that several females could fall into 
either of these categories. If so, serious consideration 
will have to be given on how to best include them in sire 
evaluations. 
Hypothetical Sire Evaluation Model 
This part compares three different relationship 
matrices on reduction of prediction error variance of the 
difference (PEVD) between two sires in a hypothetical mixed 
model sire evaluation. The relationships investigated are: 
bull/sire, bull/sire/MGS, and boll/sire/MGS/MMGS. 
Percent reductions in PEVD vary from less than 5 
percent to a little less than 1 percent when using 
relationships compared to no-relationships. The highest 
reductions occur when the bulls being compared have few 
progeny (less than 20). The relationship showing the most 
influence on PEVD is the bull/sire/MGS/MMGS relationship, 
and the bull/sire shows the least. However, the difference 
between each of these relationships is less than 1 percent 
over a wide range of progeny numbers for each sire. The 
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bull/sire/MGS influence on PEVD compares almost identically 
with the influence of the bull/sire/MGS/MMGS relationship. 
Based upon the results of the mixed model used in this 
analysis. there is little justification in using the MMGS in 
beef sire evaluations to help improve prediction accuracy. 
A major difference is seen in the influence of 
relationships on prediction accuracy when comparing the 
results of Part One and those of Part Two. The inclusion of 
sire genetic group fixed effects has a major influence on 
prediction accuracy. Theoretically. the use of 
relationships should drive genetic group solutions to zero 
(Henderson. 1973). It follows that genetic groups may not 
need to be included in mixed model equations when 
relationships are also included. Analysis of actual beef 
sire data is needed to address this point. If the genetic 
group solutions tend to zero when relationships are 
included. then inclusion of them in the model results in an 
inaccurate assessment of prediction accuracy. 
Covariance ties between bulls 
Part Three investigates three different methods of 
tying bulls t~gether in a sire evaluation model. These 
methods include: reference sire ties. direct and indirect 
contemporary group ties. and relationship ties. 
Indirect ties between bulls that arise from chained 
136 
conteNporary groups are only effective in yielding 
comparable PEVDs to the reference sire method when the 
chains have no more than two intervening tie bulls, and when 
each bull has a total of more than 60 progeny. In the case 
of one intervening bull~ each sire only requires a total of 
15 progeny to yield comparable PEVDs to the reference sire 
method of ties. 
The results from the relationship model used in this 
study indicate that the relationship •atrix has a profound 
influence upon tying sires together. The relationships in 
the model are simple bull/sire and bull/~GS relationship 
matrices. Both of these matrices reduce PEVDs between 
unrelated and untied bulls (except indirectly by the 
relationship) to magnitudes equivalent to those of the 
reference sire system. The results indicate that 
relationships could alleviate any requirement to use 
reference sires in a sire evaluation. Analyses of actual 
sire evaluation data are required to substantiate the 
results of the present study. 
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